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In this blog entry you can find lecture notes for Math2111, several variable calculus. See
also the table of contents for this course. This blog entry printed to pdfis available here.

We have studied a variety of generalisations of the fundamental theorem of calculus:

e the fundamental theorem of line integrals;
e Green’s theorem;

e Stokes’ theorem;

e Gauss’ Divergence theorem;

Now we show how all of these formulae concisely fit into one approach. Differential forms
provide the underlying theory to present all formulae in one framework. This also allows us
to generalise the theorems above to arbitrary dimensions.

Differential i-forms

Consider an open set (} — ®* (more generally one could also consider open subsets of E"). To
start, a differential 0 form is just a function f: !} — &.

A differential 1-form is an expression of the form
Filz, g z)dr + Fyl(z, g, 2) dy + Fylz, g, 2) dz,

where Fy. Fy. Fy: 2 — . We have seen such expressions previously when we studied line
integrals. If w = Fydz + Fydy + F3dz. and the curve C is parameterised by c(t) = (x(t). y(t). z(t)).

then the line integral of the vector field F = F;i + F,j + Fyk over the curve ¢ can be written
as
/F1 dae + Fhody + Fydz = /u,'.
C [
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As an example, let f: E* — & be continuously differentiable. Then

57 9 F 9f
df = i da + r}_f dy + i dz

il hy i1z

is a differential 1-form. It is called the total differential of f. If =.4. = are functions of . then

1f Af da f A fdz
Af _ofds ofdy ofde
di il dt a dt iz dt

Hence by cancelling dt in this formula one obtains the total differential of f.

Using this notation, we can now write the fundamental theorem of line integrals in a very

fundamental theorem of line integral states that

dy oz

. F 5 5f 3¢
/ Vf-ds= / (__—j-l.r + (__—jx:ly + (_'f dz = f(e(b)) — fle(a)).
Je Jo Ox ) i)

Using differential forms, this can be written as

/ df = fle(b)) — flela)).

JC

Notice the similarity between this notation and the one dimensional integral [, df =b—a
(here we write [, ; which just stands for [).

Definition
Let w = Fidx + Fsdy + F5ydz be a differential 1-form. If there is a function f such that
w = df. then the differential form w is called exact.

Let w = Fidx + Fydy + F3dz be a differential 1-form. Then we can associate with it a vector
field F = Fyi + F,j + F;k. Then, F is conservative if there is a function f such that F = Vf.

Hence, a differential 1-form is exact if and only if the associated vector field F' is
conservative. If the region where F is defined is simply connected, then we have seen that F
is conservative if and only if curl F' = 0. Hence we also get a criterion to check whether a
differential 1-form is exact and a method of calculating a function f such that w = df. The
details are left as an exercise.

Exact differential forms also appear in ordinary differential equations (ode). Consider the
ode

di _
Filz. y) + Fy(x, y:‘,ll—', =

oL

By multiplying with dx and defining the differential w = F;dx + Fydy. the ode can be written
as

w =

If w is an exact differential, then there is a function f: (? € B? — & such that w = df. Hence,
an exact ode can be written as

df =0

where f is a function defined on a subset of 2 By integrating on both sides we get a
solution f(x.y) = k. where I is a constant.

Differential 1-forms are useful for describing line integrals and gradients. But for double
integrals, surface integrals, Green’s theorem and Stokes’ theorem we need a more general
concept.
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Bivectors and differential 2-forms
We now consider differential 2-forms, which can partly be understood geometrically.

Recall that, under certain conditions, Green’s theorem in tangential form states that

i " OF Jan
/ Frde + Fady = // (r_g — r_1) da dy.
Je S\ Ox hiy

Leaving out the integral signs, then the left-hand side is again just a differential 1-form. The
aim now is to investigate, given a differential 1-form, how can we obtain the formula on the
right-hand side in Green’s theorem? Once we know the underlying principles, then we can
obtain analogous results in other situations.

We have seen this principle already above. If f is a differential 0-form, then we can "apply 4’
to obtain a differential 1-form « f. Similarly, given a differential 1-form w = Fydz + Fydy. we
would again want to "apply d‘ (what this means will be made more precise below) to obtain a
differential 2-form dw. such that we can express Green’s theorem as

Joaw = [fqdw.
where () — ®? is a suitable region and (1 is its boundary.

Before we can describe how the operator d works on differential forms, let us study
differential 2-forms in more detail.

Above we associated a differential 1-form with a vector. Differential 2-forms can be associated
with bivectors (see also multivectors). For u. v £ E? we define the bivector u A v (the symbol
A is pronounced “wedge’ and we call u / v the wedge product of w and v). Such a bivector
can be associated with the cross product u x v. Geometrically, the vectors u and v span a
parallelogram in space. This parallelogram lies in a plane (defined by the vectors %. v) and
the length of the cross product u x v is the area of the parallelogram spanned by u and ».
Additionally, the cross product u x » also has a direction, which is determined by the
right-hand rule. For bivectors, we can associate this direction with a direction (or

orientation) of the boundary curve of the parallelogram. Hence we can represent a bivector
—U

u A v by the following picture: u

Bivectors can be manipulated in the following ways. For a scalar a = E we define the
bivector a{u /A v). whose associated parallelogram has area a times Area(u A v). If a>=0. then
the parallelogram has the same orientation and if a<0. then the orientation is reversed. The
following statements can be interpreted using the parallelogram analogy:

e changing the order of the vectors changes the orientation of the parallelogram, hence:
ulhv=-—-vhu
e the area of a parallelogram spanned by « and u is zero, hence:

whw =10
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e a times the area of the parallelogram spanned by « and v is equal to the area of the
parallelogram spanned by au and » and is equal to the area of the parallelogram
spanned by the vectors u and av. hence:

a{w Av) = (a) AV =1unNav)
e there is also a distributive law:
uMw+HvAw=(u+v)Nw,

which can be visualised by the following picture:

i g e _“F I
-w /U 4 W y
u+v

(Notice that the cross product u x v satisfies the same properties.)

Differential 2-forms can now be understood in the same way as bivectors, with the difference
that differential 2-forms are built from differential 1-forms instead of vectors. Hence,
differential 2-forms on &3 are expressions of the form

Filz, y, z)dx A dy + Fylz, . 2)dy A dz + Fy(a, gy, z) dz A da,

Let dx. dy and d= be differential 1-forms and let f be a differential 0-form. Then the following
rules apply:

1. doe A dy = —dy A da

2. dx A dx = 0. where 0 stands for the nullform Odx + 0dy + 0dz.
3. fldz Ady) = (fda) Ady = dx A (fdy)

4. (dx Adz) + (dy A dz) = (de + dy) Ads

Example

Let wy = (2* + y)dx + (2 — siny) dy + ryz dz and wy = xz dr + cos ydy be differential 1-forms. Then,
using the rules for » we obtain

wiAws = ((22 + yydr + (z —siny) dy + xyzdz) A (xz dr + cos ydy)
= (22 +y)zzdx Adx + (22 + y)cosydx A dy
+{z —siny)rzdy ANde + (2 — siny) cos ydy A dy
-l-;rg,r/;-2 dz Ade + 2yz cosydz A dy
= [z + y)cosy — (z — siny)xz]dx A dy

—ayzdy MNdz — .:'glr,r:2 dz A da.
O

Again, we can associate a vector field f : g% — B3 to differential 2-form. We obtain this
association in the following way. First let us use the associations of differential 1-forms with
vectors as above:

dr + 1. dy — 5 dz — k.

Then the wedge products of the differential 1-forms are associated with the cross products of
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the vectors, that is
dae A dy — ix _] = k. dy A dz +— _] xk=1 drndseixk= —j

By changing the order in the last wedge product we see that d:z A dx is associated with }
Hence, we associate a vector field over g3 with a differential 2-form in the following way:

Fit + Fy] + Fsk > Fydy A dz + Fydz Adx + Fydr A dy.

The Hodge star operator maps differential 1-forms to differential 2-forms and back in the
following way:

o Fide + Fady + Fydz) — Fidy Adz + Fadz A de + Fydae A dy
o Frdy Ads + Fodz Ade + Fada A t:l_f/_! — Fida + Fody + Fydz
Surface integrals

We consider now surface integrals and show how they can be written using differential 2
-forms. Let us consider a special case first where the surface is a suitable region D in g2, Let
w = Fdx A dy be a differential 2 form where F: D — & Then we define the integral of the

differential 2-form w by
/ W= // Fdz Ady = // Fdzxdy.
Jp JJb JJp

(Notice that we write [}, rather than [[,,w since, in general, we can have differential #
-forms for which we would need k integral signs. Since in the general case this becomes too
cumbersome one just writes only one integral sign.)

Assume that now the surface 5 — g* is parameterised by ®{u. v) = (x(u. v). y{u. v). z(u. v})). where
D is the domain of u. v. Note that

Nde — (2 3 gy A (2= 3z 4y} — A=) 30 A do
dy Andez = { o du + a dt ) A (-.;-m du + 0 dt ) = Bfus) e A da
deAdr = (Fdu+Sdv)A(SFdu+ Shdo) = o] du A di
Ao A - _ (dzx ar 3.\ A "_N '-’_» N dlza) P P
derAdy = (G du+ 5-de ) A oo du + FEde ) = o) du A di

See Chapter 4, Section 1 for the definition of 222

M)l

Exercise
Verify the properties 1., 2., 3., 4. of the wedge product defined above for = = x(u, v),
v=ylu.v)and z = z(u. v). O

Let Fy. Fy. F5: S — . Then we have

JlsFrdyndz = [[, Fi(z(u, v), y(uw, v), 2(u v)) ::: :‘“ du A dw
= ”n Filz(uw, v), ylu. v), 2{u. ‘“::::, dur do,

Il Fadz Adx = “” Foylz(w, v). y(u. v). 2(u.v) ):::TJ’ du duv.

I Fyde Ady = ”” Fy(x(u, v), ylu, v), 2(u, (HZ::% du dv.

Let a differential 2-form w = Fydy A dz + Fydz Ade + Fyde Ady be given. Let F = Fyi + Fyj + Fsk
be the associated vector field. Then, by the definition above, we have
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[o=[[F s

To show the result see Chapter 4, Section 3.

Notice that the last equation also shows that the ordering of the sum in
w= Fydy Adz + Fydz Adar + Fydar Ady is the most natural form.

Differential forms

To define general differential forms, we introduce one more rule. Let dx. dy and d= be
differential forms.

e Distributive law: (dx A dy) Adz = dx A (dy A dz)
Differential 3-forms over 3 are expressions of the form
Flax,y. z)de Ady Adz,
where . ®% — & In general, differential i-forms defined over E" are expressions of the form

w= Fydx; , A Adeg,

+oeee+ Fodr, A (1;1',;’,',.,.-
where F;: B" — K.

(Note that the cross product of vectors does not generalise to arbitrary dimensions, see
here. Hence we do not use the analogy with the cross product of vectors anymore. Instead,

one uses alternating multilinear forms.)

We call a differential form w continuously differentiable if Fj.. ... F. are continuously
differentiable (analogously we define twice continuously differentiable differential forms,
and so on).

Some remarks:

e For each % = 0 there is a zero differential #-form 0 such that 0 +w = wand 0 A =10 for
any differential k-form w and any differential /-form 7. We call this form the nullform.

o A differential 0-form f is different from the nullform 0. For each % = 0. the nullform
0=73%_0de;, A... Adr, . where the sum is over all subsets {i;... ... ot Of {1..... n}
consisting of i elements, is a differential i-form.

In particular, for 3 we have the nullforms f(x) = 0 for all = BF which is a differential 0
-form, the nullform 0dxz + 0dy + 0dz which is a differential 1-form, the nullform

0=0dz A dy+0dy A dz + 0dz A de which is a differential 2-form and the nullform

0 =0dx A dy A dz which is a differential 3-form.

e When adding differential forms wi and w2. then both must be differential %-forms defined
on E" (or a subset of E”) for some %k = (0 and n > 1. For instance, the expression
dx + dx A dy is not permitted (does not make sense).

e On the other hand the expression w; / wa. where w; is a differential i-form and w2 is a
differential /-form, both defined over E" (or an open subset of k"), is well defined. For

instance, we have
da A (22dy A dz) = 22dz A dy A de.

e I et wi be a differential i-form and w2 be a differential /-form, both defined over ®". If
k + i=n. then the differential i + ¢/-form w; A wy = 0 is the nullform. The proof of this
result is left as an exercise.

Let w.7 be differential forms. Then the wedge product satisfies the following properties.

6 of 13 25/05/10 09:56



Math2111: Chapter 5: Additional Material: Differ... http://quasirandomideas.wordpress.com/?p=177...

1. For each % = 0 there exists a nullform 0 which is a differential x-form. The nullform
satisfies 0 + w = w for all differential i-forms 0 and w and 0 A iy = 0 for all differential ¢
-forms 1

For any differential 0-form f and any differential k-form w we have f A w = fuw;

(fwy +we) A= flw An)+(w An);

wAn=(—1"nAw)y

For differential %;-forms wi. i = 1. 2. 3. we have w; A (ws A wq) = (wy A wa) A

Let f be a differential 0-form. Then w A (fn) = (fw) A= flw A

R

Exterior Derivative

Let f: B! — R be a differential 0-form. Then we have already seen that the derivative of this
differential form is the differential 1-form df = 5 dx + &L dy + L d=.

If w is a differential k-form, then the derivative of w, denoted by dw. is a differential (& + 1)
-form. The operator d is called the exterior derivative.

The exterior derivative d satisfies the following properties:

e Let f: E" — K be a continuously differentiable differential 0-form. Then
3¢ 5f
df = i dey +-- -+ i da,,.
();l'] Sy
e Ifw; and w2 are differential i-forms, then
dlwy +we) = dwy + diws.

e For a continuously differentiable 0-form f and a differential k-form w = fdax; AL A day, .
where iq.. ... ir £{1.....n}. we define

dew = df Ada, Ao A dr, .

Laws for the exterior derivative
Let w.7 be continuously differentiable differential forms.

o d(w +n) =dw+ dy, if w and 7 are both differential .-forms;
o d(cw) =cdw for all ¢ € E;
o d(w An) =dw Ay +(—1)*w A dy. where w is a differential %-form;

See also the de Rham cohomology.

Three Theorems

We have already seen how the fundamental theorem of line integrals can be written in a
concise form using differentials. We now consider Green’s theorem, the Divergence theorem
and Stokes’ theorem.

1. Green’s theorem

We now show how the formula in Green’s theorem can be obtained using differentials.
Let F,. Fy : € B? — E be continuously differentiable and let w = Fjdx + Fydy. Then

dw = dFy Ade+ dFy Ady

AR .., aF . AR AR
(E!—cl.: + gT#L[]'.U) Mdx + (eu- dar + o [Lr;) Mody
_ 8K AR
= (.—J#‘—cl.f,r Ndr + T2 dr Ady

_ (ﬂ._ — ﬁ'—) da A dy.

da dy
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Let (} - B2 be a suitable domain (see here for more information) and let ¢! denote the
boundary curve oriented counterclockwise. Let w be a continuously differentiable
differential 1-form defined on (1. Then Green’s theorem states that

/ W= /(Iw
Jan Jo

Let the functions F,. F,. F;: 2 ¢ B! — E be continuously differentiable and let
w= Fydy Adz + Fadz Adr + Fydr Ady! Then

2. Divergence theorem

dw = dFyAdyAds + dFoAdes Ade +dF3 A de A dy

= E1I Mdy Ads + S4 ‘” tlr; Moz A de + ’—’Iitl* Modae A dy

= (il— +2B2 4 J—‘ri) dax Aody Adz

dla ay
= div Fdx A dy A dz.

Let a1 be a closed, bounded and smooth surface and let () be the region enclosed by (.
Then we can write the divergence theorem as

/ W= / .
Jan Jo

Let the functions F,. F,. F;: @ ¢ B! — E be continuously differentiable and let
w= Fydr + Fydy + F;dz, Then

3. Stokes’ Theorem

dw = dFyAde+ dFs Ady +dFs Adz
= ((u da + dr,r + LIRS ) Moda
- (‘” de + 22 [lr;—f— (1; [L_) Mody
+ ( da + ¢ :lr,r—f— :l._) Moz
(%’- — ‘i—f-—) dy Adz + {‘i—f'— — %LJ dz Adae

+ (i- — i‘-) dax A dy.

dx dy

Let () be a smooth and bounded surface and let (! be its boundary which we assume to
be oriented positively. We have

[(h; = [/ curl FdS.

J10 J S0

Hence we can write Stokes’ theorem as

[ W= /\[lw
Jan Jo

We have now seen that all the main theorems can be written in a single form. It now

Stokes’ theorem
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becomes obvious how to generalise the results above to arbitrary dimension and manifolds.
This theorem is called Stokes’ theorem (named after the same person as the theorem
considered in Chapter 5, Section 2).

Stokes’ theorem
Let ©) be an oriented smooth manifold of dimension . Let w be a differential (n — 1)
-form with compact support on () and let 72 denote the boundary of (} with its

induced orientation, then
/ W= / dlw
S J1
Exercise

Let (} — B! be an oriented smooth manifold of dimension 3. Let
w = Fyday A deg + Foday Adaeg + Fydaey Adey + Fydaes A daxg + Fadaeg A

dary + Fydarg A day
Write down Stokes’ theorem in explicit form.

be a differential 2-form.

Closed and exact differential forms

Definition
A differential form w for which dw = 0 (the nullform) is called closed.

Exercise

Let 1y Fy. Fy: BY — & be twice continuously differentiable. Define the vector field

F = Flz, + FJ;; + F4 . and the associated differential 1-form w = Fydzx + Fydy + F3dz. Show that
curl F = 0 if and only if w is closed. O

We have previously defined conservative vector fields F : g% — ®4, see Chapter 3, Section 3.
A similar concept applies to differentials.

Definition
A differential form w is called exact if there is a differential form 7 such that w = di.

Exercise

Let Fy. Fy. F3: B* — R be continuous. Define the vector field F = Fi + F,j + Fyk and the
associated differential 1-form w = Fydx + Fydy + Fydz. Show that F is conservative if and only
ifw is exact. O

Poincaré lemma
If () is a contractible open subset of E", any smooth closed differential i-form w
defined on () is exact, for any integer k=0 (this has content only when k < n).

In Chapter 2, Section 2 we have seen that div curl F = 0 and curl grad F = 0. For differential
forms we have the following result.

Proposition
Let w be a twice continuously differentiable form defined on an open set of ©} C B".
Then

d{dw) = 0.
The proof is left as exercise. (Hint Use Clairaut’s theorem.)

Notice that there is an analogue to this proposition for the regions of integration. Namely,
let (¥ — B" be compact and assume that () has a smooth boundary. Then the boundary of the
boundary of (1 is empty, that is,

)

90f 13 25/05/10 09:56



Math2111: Chapter 5: Additional Material: Differ... http://quasirandomideas.wordpress.com/?p=177...

Cauchy’s integral theorem

Cauchy’s integral theorem is an important result in complex analysis. It can also be
expressed using differential forms (since it is somewhat related to Green’s theorem.) Let C
denote the set of complex numbers.

Let » = = +1iy £ C. A complex function f : C — C can be written as
flz) = ulz. y) + 1v(z. y),

where «. v : B2 — . It can be shown that the function f is continuous if both = and v are
continuous. We now consider complex derivatives. We set

(xt BY— f(R]
fz) = lim M
h—0 h

where | is a complex number. Hence for the derivative to be well defined we need to
demand that the limit is the same for each way i approaches (. In particular, if we restrict n
to real numbers, we get

[+ hoy) —wlz y) viez+hy —vlzy) () R
| 1.1 | ,t;.+]r.: (T} T rr1+ (g

lim = — +1—.
heR. h—0 h h dar dr

On the other hand, if we restrict » to imaginary numbers, we get

lim - —
h=ai.acR.h—0) al a dy dy

—1—

u(x.y+ a)— ulx. y) + v,y +a)—viz.y) u v

Since the limits must coincide we get

thi h (o I

Oz

ay ox

_Trj

These equations are called the Cauchy-Riemann equations. The converse also holds, that is,
if the u.v are differentiable and the Cauchy-Riemann equations hold, then f has a complex
glerivative. If f has a complex derivative at some point = € C. then we say that f is analytic at

A complex differential form w is an expression of the form w = 7 +ix. where 71 and i are
differential k-forms for some % = (. We define the integral of a complex differential 1 form by

/u_-‘z /1;+i/;1_
JC JC JC

where € can be parameterised by c(t) = a(t) +13(t) where . 7: E — & are piecewise
continuously differentiable.

Let f = u+iv and dz = da +i1dy. Then
flz)dz = (u+iv){de +idy) = udr — vdy + {vdr + udy).

If f is analytic, then we obtain

1 F(z)d) u . (')r') e A dy + i P r')r') 1z Ad 0
( S)az) = — - -— L Ay -_—— e A dyy = WL
JAE) 2 Jy | or YT\ T By 4

Hence, by Green’s theorem, we obtain the following result.

Cauchy’s integral theorem

Let ¢ be a simple closed curve parameterised by a piecewise continuously
differentiable function c: Then for any analytic function f: D — C. where D c C is
the region enclosed by ¢ we have
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/f[: Jdz =0,
JC
Exercise

Prove Cauchy’s integral theorem using Green’s theorem (without the use of differentials).[]
More information

For more information on differentials see here and here.
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