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Abstract

Higher order nets and sequences are used in quasi-Monte Carlo rules for the
approximation of high dimensional integrals over the unit cube. Hence one wants
to have higher order nets and sequences of high quality.

In this paper we introduce a duality theory for higher order nets whose construc-
tion is not necessarily based on linear algebra over finite fields. We use this duality
theory to prove propagation rules for such nets. This way we can obtain new higher
order nets (sometimes with improved quality) from existing ones. We also extend
our approach to the construction of higher order sequences.
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1 Introduction

The concept of (t,m, s)-nets and (t, s)-sequences in base b was introduced by Niederre-
iter [13] as a general framework for constructing point sets and sequences which can be
used as quadrature points for quasi-Monte Carlo (¢qMC) rules. Such nets (and sequences)
are point sets (and sequences of points) in the unit cube [0, 1)*. Throughout the paper a
point set is always understood as a multiset, i.e., points may occur repeatedly.

In general, gMC rules are of the form + ZnN:_OI (x,), where xg,...,xy_1 are the
quadrature points, which can be used to approximate integrals of the form f[O,l]S f(x) de.

Typically one obtains a convergence of the integration error of O(N~!(log N)*) for such
methods [10, 13].

The notion of (¢, «, 5,n,m, s)-nets and (¢, o, 3, 0, s)-sequences in base b on the other
hand was introduced in [8]. We give the definitions and some properties of (¢, cv, 3, n, m, s)-
nets and (¢, «, 3, 0, s)-sequences in base b. To this end some notation has to be fixed which
is used throughout the paper.

Let n,s > 1, b > 2 be integers. For v = (v1,...,v5) € {0,...,n}" let [v]; = Y77 v

and define 2, = (@11, ..., 01,01, -, ls,,) With integers 1 <5, < ... <i;; <nin

case ; > 0 and {ij,l, e ,ij7yj} =0 incase v; =0, for j =1,...,s. For given v and 4, let
v : : —

a, €{0,...,0—1}"", which we write as @y, = (A1, 1, A1y, 55 Qsiigrs -+ -5 iy, )

A generalised elementary interval in base b is a subset of [0,1)® of the form

s b—1
- _ G %e G G 1
J(z,,,a,,)—H U lb +- ) +-+ m +b">’

j:l aj’l:O
lE{l,...,n}\{ij’l,...,’L'jyl,j}

where {4;1,...,%,,} =0 in case v; =0for 1 < j <s.
From [8, Lemmas 3.1 and 3.2] it is known that for v € {0,...,n}" and 4, defined as
above and fixed, the generalised elementary intervals J(,, a,) for a,, € {0,...,b — 1}*I

form a partition of [0,1)* and the volume of J(i,,a,) is b1

We can now give the definition of (¢, «, 3, n,m, s)-nets based on [8, Definition 4].

Definition 1.1 Let n, m, s, &« > 1 be natural numbers, let 0 < # < min(1,am/n)
be a real number, and let 0 < ¢ < [n be an integer. Let b > 2 be an integer and
P ={xg,...,xpym_1} be a multiset in [0,1)*. We say that P is a (t,a, 3, n,m, s)-net in
base b, if for all integers 1 <i;,, < --- <i;;, where v; > 0, with

s min(vj,a

)
Z Z ij,l S ﬁn_tu

j=1 =1

where for v; = 0 we set the empty sum Z?:l i;; = 0, the generalised elementary interval
J(iy, @,) contains exactly b™ I points of P for each a,, € {0,...,b— 1},

A (t,a, 3,m,m, s)-net in base b is called a strict (¢, «, 3,n,m, s)-net in base b, if it is
not a (u, o, ,n, m, s)-net in base b with u < ¢.

Note that in the definition above the specific order of elements of a multiset is not
important. The parameter ¢ is often referred to as the quality parameter of the net. By
the strength of the net one means the quantity gn — t.



Informally we refer to (¢, «, 3, n, ms)-nets as higher order nets.

Remark 1.1 We obtain the definition of a classical (¢, m, s)-net in base b due to Niederre-
iter [13, Definition 4.1] from Definition 1.1 by setting a« = § = 1, n = m, and considering

all vy, ..., vy > 0sothat 22:1 v; < m—t, where weset i, = v;—k+1lfork=1,...,v;. In
this case the definition can be simplified to the following. A multiset P = {xy,..., Tym_1}
whose elements belong to [0,1)* is a (t,m, s)-net in base b if for all integers dy,...,ds > 0

with d; + -+ + dy = m — t each elementary interval J = szl E
0<a; < b% for 1 < j < s and of volume b~™ contains exactly b’ elements of P. Hence

a (t,1,1,m,m,s)-net is a (¢, m, s)-net.

p [aj aj“) with integers

Remark 1.2 Let n, m, s, > 1 be natural numbers and let 0 < 3 < 1 be a real
number. It follows from Definition 1.1 that any multiset consisting of ™ points in [0, 1)*
is a (|On],«, B,n,m, s)-net in base b.

Remark 1.3 Note that 6™ I¥It = b™Vol(J(i,,a,)). Hence Definition 1.1 states that the
proportion of points of P in J(¢,,a,) equals the volume of J(i,,a,), i.e.,

{O<h<b™: @y € J(iy,a,)}|
bm

= Vol(J (., a.)).

We also give the definition of (¢, «, 3, o, s)-sequences from [§].

Definition 1.2 Let o, s, a > 1 be natural numbers, let 0 < $ < 1 be a real number,
and let t > 0 be an integer. Let b > 2 be an integer and w = (x¢, x1,...) be an infinite
sequence in [0,1)°. We say that w is a (t, «, (3, 0, s)-sequence in base b, if for all integers
k >0 and m > t/(fo) we have that the finite subsequence {@yym, Tppmi1, .. Tggp1ypm—1}
is a (t, a, §,0m,m, s)-net in base b.

A (t,a, 3,0, s)-sequence in base b is called a strict (¢, «, 3,0, s)-sequence in base b if it
is not a (u, «a, 3, 0, s)-sequence in base b with u < t.

Note that in the definition above the specific order of elements of an infinite sequence
is of importance.

Informally we refer to (¢, «, 3, 0, s)-sequences as higher order sequences. Of particular
importance are (¢, «, 3,0, s)-sequences for which a = (o since these are in some sense
optimal, see [8]. For any 1 < § < oo constructions of higher order sequences for which
a = fo for all 1 <« < ¢ are given in [6] (note that 5 and o generally depend on «).

Remark 1.4 We obtain the definition of a classical (¢, s)-sequence in base b due to Nieder-
reiter [13, Definition 4.2] from Definition 1.2 and Remark 1.1 by setting o = § = 0 = 1.
Hence a (t,1,1, 1, s)-sequence in base b is a (¢, s)-sequence in base b.

Explicit constructions of (¢, «, 3, n,m, s)-nets, respectively (¢, «, (3, o, s)-sequences, in
prime power bases b are known using the digital construction scheme. Nets (and se-
quences) constructed in this manner are referred to as digital (¢, v, 5,n x m, s)-nets (and
digital (¢, «, 8,0, s)-sequences) over a finite field F,. For more information we refer to
[6, Subsection 4.4] and [9]. The proof that digital (¢,«, 5,n X m,s)-nets, respectively
digital (¢, «, 3,0, s)-sequences, over [, are in fact special cases of (¢, «, 3,n, m, s)-nets,
respectively (¢, a, 3, 0, s)-sequences, in base b can be found in [8, Theorem 3.5].



The advantage of the more general concept due to [8] (in comparison to classical
(t,m, s)-nets) is that (¢, a, 3, n,m, s)-nets and (¢, o, 3, 0, s)-sequences in base b can exploit
the smoothness « of a function f (which is not the case for the classical concepts of
(t,m, s)-nets and (¢, s)-sequences). More precisely, we have the following theorem from

[1].

Theorem 1.1 Let {xq,...,xym_1} be a (t,«, 5,n,m,s)-net in base b. Let f : [0,1]* —
R have mized partial derivatives up to order o > 2 in each variable which are square
integrable. Then

bm—1

flx)de — — Z f(xn) ( —(1-1/a)(Bn—t) (Bn — t)as) ‘

[0,1]°

Additionally, the following results are known. If « = § = 1 and n = m, then the
integration error is of O(b~"*'m?), see [13]. If {xo, ..., xpm_1} is a digital (¢, o, B, nxm, s)-
net, then one obtains an integration error of O(b~ (=) )(Bn — )2%), see [5, 6].

Hence it is important to have explicit constructions of digital nets with a large value
of fn —t.

Special constructions of such point sets are based on the digital construction scheme
introduced by Niederreiter [13] and generalised in [5, 6]; the resulting point sets are
referred to as digital nets and sequences. Nowadays many propagation rules for nets
and sequences, digital or not, and also for digital higher order nets (see [9]) are known.
Roughly speaking, propagation rules are methods by which one can construct new nets
and sequences from existing ones (sometimes the net or sequence does not change, only
the parameters change and the net or sequence with such parameters might not have been
known before).

1.1 Six elementary propagation rules

Some simple propagation rules for (¢, a, 3, n, m, s)-nets, respectively (¢, a, 3, 0, s)-sequences,
in base b were already listed in [8]. For completeness, we repeat them here. We also add
some further trivial propagation rules in the following list:

Theorem 1.2 (Propagation Rules 1-6) Let P be a (t,«, 5,n,m,s)-net in base b and
let w be a (t,a, (3,0, s)-sequence in base b. Then we have the following:

(1) Pisa (t' a,f',n,m,s)-net in base b for all0 < ' < B and allt <t' < [('n, and w
is a (t',«a, 3, 0,5)-sequence in base b for all 0 < 3’ < 3 and all t < t'.

(2) Pisa (t o, n,m,s)-net in base b for all o/ > 1 where ' = fmin(a, o’)/a and
t' = [tmin(o, ) /a], and w is a (t',d/, [, 0,s)-sequence in base b for all o/ > 1
where f' = fmin(a, ')/« and where t = [t min(a, o) /a].

(3) Consider the point set P' obtained by truncating the base b representation of each
coordinate of each element of P after n’ digits, 1 < n’ < n. The resulting point set
is a (t',«, B,n',m, s)-net in base b, where t' = max(t — B(n —n’),0).

(4) Consider the point set P' obtained by truncating the base b representation of each
coordinate of each element of P’ after n digits and adding n' —n extra digits to every
element, all of which are zero, ' > n. The resulting point set is a (t,a, 3',n',m, s)-
net, where 3’ = pn/n’.



(5) The point set obtained by projecting P onto the coordinates inu, whereu C {1,...,s},
is a (ty, a, B,m,m, [u|)-net in base b, where t, < t.

(6) Let Py, Ps,..., Py be (t,a,3,n,m,s)-nets in base b. Then the multiset obtained
from the union of the elements of Py, Po, ..., Py is a (t,a, B,n,m+r,s)-net in base

b.

We remark that these propagation rules are analogous to Propagation Rules I-VI in
[9] for digital higher order nets.

In this paper we introduce generalisations of the following propagation rules, which
appeared in [9] for the special case of digital nets: The direct product of two digital
higher order nets, the (u,u + v)-construction, the matrix product construction, the dou-
ble m-construction, base change propagation rules and the higher order to higher order
construction. In some cases the proofs are based on a new duality theory for not nec-
essarily digital nets (in the digital case, duality theory is already well known to be an
important tool for the analysis and construction of digital nets).

The paper is organised as follows. Duality theory for not necessarily digital nets is
presented in Section 2 and propagation rules for (t,a, 3,n,m,s)-nets and (¢, «, 3,0, s)-
sequences are presented in Sections 3 and 4 respectively.

Throughout the paper Ny is used to denote nonnegative integers and N is used to
denote natural numbers.

2 Duality theory

Duality theory, as introduced by Niederreiter and Pirsic [16] (see also [9]), is a helpful tool
in the analysis and construction of digital nets. In [9] it was extended to digital higher
order nets. Here we introduce a duality theory for higher order nets which also applies
to point sets not obtained by the digital construction scheme. The basic tool are Walsh
functions in integer base b > 2 whose definition and basic properties are recalled in the
following.

Definition 2.1 Let b > 2 be an integer and represent k& € Ny in base b, k = r,_10%"! +
-+ Ko, with s; € {0,...,b— 1}. Further let wy, = ¢>™*/* be the bth root of unity. Then
the kth b-adic Walsh function pwalg(z):[0,1) — {1,wb, o ,wg_l} is given by
pwaly,(z) = wptHot et

for z € [0,1) with base b representation z = &b~ + &b~ 2 + ... (unique in the sense that
infinitely many of the &; are different from b — 1).

For dimension s > 2, © = (z1,...,x5) € [0,1), and k = (ky,...,ks) € N, we define
pwalg : [0,1)% — {1,wb, . ,wé’*l} by

bW&lk(CU) = H bwalkj (LE'])
j=1



The following notation will be used throughout the paper: By & we denote the digit-
wise addition modulo b, i.e., for z,y € [0,1) with base b expansions x = > ;= &b~ and
y=> o, mb”!, we define

T oD Y= Z Clbilv
=1

where ¢; € {0,...,b— 1} is given by (; = & + n; (mod b). Let & denote the digitwise
subtraction modulo b (for short we use &z := 06 z). In the same fashion we also define
the digitwise addition and digitwise subtraction for nonnegative integers based on the
b-adic expansion. For vectors in [0,1)® or N, the operations & and & are carried out
componentwise. Throughout the paper, we always use the same base b for the operations
@ and © as is used for the Walsh functions. Further, we call = € [0,1) a b-adic rational
if it can be written in a finite base b expansion. The following simple properties of Walsh
functions are often used in the sequel.

For all k,1 € Ny and all z,y € [0,1), with the restriction that if x,y are not b-adic
rationals, then x @ y is not allowed to be a b-adic rational, we have ,waly(x)- ,wal(z) =
pwalkg (z) and pwalg(x)- ywalg(y) = pwalg(z@y). Furthermore, ,waly(z) = ywalgg(x).

Now we turn to duality theory for nets. Let K7, = {0,...,0" — 1}*. We also assume
there is an ordering of the elements in K}, which can be arbitrary but needs to be the
same in each instance, i.e., let K, = {ko,...,kpr_1}. (Note that |KC},| = b°".) By this
we mean that in expressions like Zke&j,b’ (ak,l>k,lelc,€,b, and (ck)ke,@’b the elements k and
I run through the set K}, always in the same order.

The following b*" x b*" matrix plays a central role in the duality theory for higher order
nets

W, = ( ywalg (b_rl))k#e’Ci,,, )

We call W, a Walsh matriz.
In the following we denote by A* the conjugate transpose of a matrix A over the

: —T
complex numbers C, i.e., A*= A .

Lemma 2.1 The Walsh matriz W, is invertible and its inverse is given by W 1 =
b=—"W:.

Proof. Let A = (ak1)k1exs, = b~ W, W/, Then, using the orthogonality of the Walsh
functions, we obtain ’

s b"—1
1 — 1
gl = E beilk (birh) (,W&ll (b—rh) = ﬁ H Z bwalijZj (h/bV")
heks , J=1h=0
B 1 ifk=1,
- 0 ifk#IL
where k = (ky,..., k) and L= (Iy,...,1l;) are in K} ;. O

Let b > 2 and 7, N > 1 be integers. For a multiset P = {xy,...,zy_1} in [0,1)® and
k € K}, we define

P

Cl — Ck(P) = bwalk(a:h)
0

>
Il



(note that |cx| < N and ¢ = N) and the vector

C=C(P):= (ck)rexcs,, - (1)
For a = (ay, ..., a,s) € K}, define the elementary b-adic interval
> la; a;j +1
E, = =L .
}Il |:br’ br >

Lemma 2.2 We have

T walz o y) =

{ KCoul if 2,y € Eq for some a € K,
keks,

0 otherwise.
Proof.  We have x,y € [ab™", (a 4+ 1)b™") for some 0 < a < b" if and only if the b-adic

digit expansions of x and y coincide at the first r digits. From this the result follows. [

Let & € E, for some a € K7, Then, using Lemma 2.2, we have

N-—1
1 - 1
VC—S| Z Ck bwalk(:v) = VC—S| Z Z bwalkz(mh @33)
7,0 r,b

keks , keks , h=0
N-1 1
= ZVCS | Z bwalk(a:h@m)
h=0 "m0l kekcs

= |{h : xy € Eg}| = maq.
Definition 2.2 Let b > 2 and r, N > 1 be integers. Let P = {xo,...,xn_1} be a
multiset in [0,1)% and let 7, = {0,...,b" — 1}°.

1. For a € K7, let
Ma = Mma(P) = |{h : &) € Eg}|
and . B
M =M(P) = (ma)aeKib‘

Then we call the vector M the point set vector (with resolution r).

2. The vector C = C(P) from (1) is called the dual vector (with respect to the Walsh
matrix W,.).

3. The set
D, =D, (P):={kck;,: ck#0}

is called the dual set (with respect to the Walsh matrix W,.).

The relationship between a point set vector and its dual vector is stated in the following
theorem.



Theorem 2.1 Let P = {wy, ..., &x_1} be a multiset in [0,1)* and let r € N. Let M be

the point set vector with resolution r and C be the dual vector with respect to W, defined

as above. Then )
VC—SW@ —M and C=W:M. (2)
r,b

Proof.  The first result follows from Lemma 2.2 and the second result follows from
Lemma 2.1 and the identity C' = |3, [W M = WM. O

The vector C' carries sufficient information to construct a point set in the following
way: Given c , we can use Theorem 2.1 to determine how many points are to be placed
in the interval Eq, a € K7,

Note that for the (¢, a, 3,n,m, s)-net property it is of no importance where exactly
within an interval E,, a € K, ,, the points are placed. Hence we can reconstruct a net
from a dual vector with respect to W, provided that r > |Gn| — ¢. In words, if one
knows the dual vector of a net, then one can use this dual vector to obtain the net via
Theorem 2.1 provided that the resolution is bigger or equal to the strength of the net.

In analogy, the dual space of a digital net also allows us to reconstruct the original
point set, see [16]. Although C is different from the dual space for digital nets, it contains
the same information and can be used in a manner similar to the dual space. This will be
shown below by example of the direct product construction, the (u,u + v)-construction,
the matrix-product construction and the double m construction for higher order nets. In
case P is a digital (¢, o, 5,n X m, s)-net, the dual set D,, defined in Definition 2.2 coincides
with the dual space defined in [9] intersected with KC; ,, and if P is a digital (t,m, s)-net,
it coincides with the dual space in [16] intersected with ;.

Although the above results hold for arbitrary point sets, in the following we consider
point sets which are nets and show how to relate the quality of a (¢, a, 3, n, m, s)-net to its
dual set. To this end we need to introduce a function which was first introduced in [6] in
the context of applying digital nets to quasi-Monte Carlo integration of smooth functions
and which is related to the quality of suitable digital nets. For k£ € Ny and o > 1 let

a4+ amin,a) for k>0,
Ma(k)_{() for k =0,

where for & > 0 we assume that k = kbt + -+ + k0! with 0 < ky,...,k, < b and
1<a, <+ <ay.

For a vector k = (ki,...,ks) € N§ we define (k) = po (k1) + - - + pa(ks) and for a
subset Q of K07, with Q\ {0} # @ and a > 1 define

o = min uy(k).
pa(Q) = 1nin k)
For Q C {0} we set p,(Q) =r + 1.

Let P = {xo,...,zy_1} C [0,1)°. In the following we consider for which cases we
have D,(P) = {0} (note that 0 € D,(P) for any point set P with at least one point). If
D,.(P) = {0}, then we have cg # 0 and ¢ = 0 for all k € K;, \ {0}. By Theorem 2.1 we
have ]\7[(77) = cob™"*(1,1,...,1)", that is, each box E, contains exactly cob~"* points for
all @ € K, and P consists of N = cg points altogether. This is the only case for which
D,(P) = {0}.



Conversely, since the number of points in E, must be an integer, it follows that
cob™" € N, i.e., b™ divides ¢q and therefore b™ divides N. From this we conclude that if
we choose a resolution 7 € N such that b > N, ie., r > Llog, N, then D,(P) # {0}.
For a net with N = ™ points this means that we require r > m/s.

The following theorem establishes a relationship between p,(Q) and the quality of a
(t,a, B,m, m, s)-net.

Theorem 2.2 Let P = {xg,...,xpm_1} C [0,1)° be a multiset. Then P is a (t,«, 5,n,m,s)-
net in base b if and only if pa(D\gn|—1) > | Bn] —t+1. If P is a strict (to, o, 3,n,m, s)-net

in base b, then po(D\gn)—t,) = O] —to + 1.

Proof. It was shown in [1, Theorem 1] that P is a (¢, a, 3,n, m, s)-net in base b if and
only if for all k € N satisfying 0 < po(k) < |On] —t we have Zzﬂ;al pwalg(xy) = 0 and
this is equivalent to po(D|gn)—¢) > [Bn] —t + 1, since for k € N§ with uq (k) < [Bn] —1
we have k € ICiBnJ_t’b.
For the second assertion, we assume that P is a strict (g, «, 3, n, m, s)-net in base b,
which implies that po(Dsnji,) > [6n] —to + 1. We now assume po(D|gnj—t,) > |On] —
to+2=[pn] — (to — 1)+ 1. Arguing in the same fashion as for the first part of the proof
this is equivalent to thgl pwalg(xy,) = 0 for all k satisfying 0 < u, (k) < |Bn]—(to—1).
Using [1, Theorem 1] again this implies that P is a (ty — 1, a, 3,n, m, s)-net in base b,
which contradicts the assumption that P is a strict (o, «, 3, n, m, s)-net in base b. [l
Let now P be a strict (to,a, 3,n,m,s)-net in base b. Let r > [fn| — to. Then
Dy 2 Dignj—t, and Dy \ Dygnj—, © K7y \ Kig,, s p- For any k € K7, \ Kipg,, , we have
to(k) > | Bn] —to+ 1. Theorem 2.2 implies that po(Dgn)—1,) = [Bn] —to+ 1 and hence
Pa(Dy) = pa(Dgn)-1,) = |Bn] —to + 1. In particular, for all r,r" > [Bn] — t; we have

Pa(Dr) = pa(Dr) = pa(Dy) = [Bn] —to + 1, (3)

since n > | fn| — to.

3 Propagation rules for (¢, a, 3,n,m, s)-nets

In this section, we introduce several propagation rules for (¢, «, 3, n, m, s)-nets, many of
which generalise the analogous results for the digital case given in [9].

3.1 The direct product of two (¢, «, 3,n,m, s)-nets

Let P, = {mh}zzl(fl be a (t1, a1, B1,n1,m,s1)-net in base b and Py = {yi}?zgfl be a
(t2, g, B2, o, My, So)-net in base b. Note that Definition 1.1 implies that we may assume
that $in; and fon, are integers (since the i;; are integers). Based on P; and P, a new
(t,, B,n,m, s)-net in base b is formed, where n = n; 4+ ny, m = my +mg, and s = $1 + so.
The points of P are defined to be the direct product of the points from P; and P, i.e.,
P is the multiset of 0™ points

(xh,y;), for 0<A<D™—land0<i<p™ —1 (4)

in some order. The following theorem gives information on the t-value of the resulting
(t,, B,n, m, s)-net.
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Theorem 3.1 (Propagation Rule 7) Let P; be a (t1, a1, 31,n1, my, s1)-net in base b
where we assume that Biny is an integer, Py is a (to, o, B, Na, My, So)-net in base b where
we assume that Fang is an integer, and P be defined as above. Then P is a (t,«, 5,n,m,s)-
net in base b, where o = max(aq, ag), # = min(Gy, Bs), and

t < max(finy + ta, Boms + t1).

Proof. Let C = (¢k)reks , be the dual vector of P, Cy = (C11)wexss, be the dual vector

of Py and Cp = (Cop)wrexsz, be the dual vector of P». Then, for k = (K', k"), where
K ek, k' e 2, keks,, wehave

n,b n,b’ n,b’
b1 —1 b2 —1 b1 bz 1
Cr = E § pwalg(Th, y;) = E pwaly () E ,wwaly (y,) = cupean

Hence ¢, # 0 if and only if ¢; pr # 0 and cy g # 0. Note that 19,000 # 0 and k =
(K', k") # 0 implies that either k" # 0 or k” # 0 or both k', k" # 0. Therefore

pe(Dn) = min(pa(Pn1); Pa(DPn2)) = min(pa, (D), pas(Pn,2)),

where D,,, Dy, 1, D, 2 are the dual vectors of P, P, Ps.

Let ty be the integer such that P is a strict (to,«, 3,n,m,s)-net in base b, where
a = max(a, az), f = min(G, f2), n = ny +ng, m = my + mgy, and s = 1 + se. Then, by
Theorem 2.2, Equation (3), and the assumption that 51n; and fan, are integers, we have

(D) +1

|61 + 1 — min(pa, (Dn,1); Paz(Dn,2))
|Bn] —min(Bing — t1, Bang — t2)
5]
6]

to

I
SN
=

|
)
Q

fn| —min(—LFang + Bng + Bing — t1, —G1ng + Pny + Bang — ta)
pn] —min(|Bn] — Bong — t1, | fn] — fing —t2)
max(fang + t1, fing + ta).

VAN VAN VAR VAN

This shows that P is a (¢, «, 3,n, m, s)-net in base b for any integer t such that to <t <
max(fams + t1, G111 + t2). Hence the result follows.

O

3.2 The (u,u + v)-construction

The (u, u+v)-construction in the context of (¢, o, 3, n, m, s)-nets in base b has already been
discussed in the recent paper [1, Section 5]. Hence we simply recall the construction and
state the result. Assume we are given a (¢, a, 81,11, m1, 51)-net Py denoted by {a),} "~
and a (t9, a, B2, N2, Mg, So)-net Py denoted by {yi}ﬁ’:g’l, where we assume s; < sy. Again
we may assume that Gin; and (ano are integers. Further, w.l.o.g. we may assume that
Tp = (Thas.- s Thysy) With x5 = & j1 /b4 -+ &njn, /U™ and y; = (Yin, ..., Yis,) With
Yij = Nij1/b+ -+ 0ijn, /0" (if there are digits &, # 0 for r > ny or n;;, # 0 for
r > ng we can slightly modify Py, Py by setting &, ;j» = 0 for r > n; and n;;, = 0 for
r > ng, without changing the (t,, a, Bw, Ny, My, Sy)-net property of P,, w = 1,2). Set
further ¢ := min(261ny — 2t; + 1, Bang — to).

We define a new point set P = {zh};’:[;m’l, Zh = (Zn1s- -y Zns,+s,), consisting of
b F™2 points in [0, 1)°17°2 as follows:
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e Forj=1,...,5,i=0,...,0™ —1and h=0,...,0™ — 1 we set

gh, j,1 S M1 Sh,j,min(é,n ) o 1i,7,min(£,n1)
Zib™1+h,j = % tet bml in(f,n1) 1
§h,j,€+1 fh,j,m
+< bt +"'+bT Lo >
@niv‘jvnl"l_l @T]’L,],Z
+ (W+,,,+ i) Lu<e

e For j=s14+1,...,8+82,2=0,...,0™ —1land h=0,...,b™ — 1 we set
Zipm14-h,j = Yi,j—s1-
Then we have the following result, which was first shown in [1, Theorem 3

Theorem 3.2 (Propagation Rule 8) Letb > 2 be an integer, let Py be a (11, v, 51,11, m1, 1)~
net in base b where we assume that Biny is an integer, and Py be a (to, v, B, na, My, So)-
net in base b where we assume that Giny is an integer. Then P defined as above is
a (t,a,B,n,m,s)-net in base b, where n = ny + ny, m = my + mg, S = S + So,
B = min(f, Bs), and
t=1|pn|—¢.

Remark 3.1 Note that we defined the (u,u+ v)-construction in such a way that it yields
the same point set as the (u,u + v)-construction for digital nets as considered in [9)].

3.3 The matrix-product construction

In this subsection, we will assume that b is prime. We firstly introduce matrices which
are nonsingular by column (NSC), see [3]. Let A be an M x M matrix over Z;,. For
1 <1 < M, let A; denote the [ x M matrix consisting of the first [ rows of A. For
1<k < <k <M, let A(ky,..., k) denote the [ x [ matrix consisting of the columns
k‘l,...,kl OfAl.

Definition 3.1 An M x M matrix A defined over Z, is called nonsingular by column
(NSC) if A(ky,..., k) is nonsingular for each 1 <l < M and 1 <k; <--- <k < M.

It is known that an M x M NSC matrix over Z, exists if and only if 1 < M < b, see
[3, Section 3|. For any integer 1 < M < b, an explicit M x M upper triangular NSC
matrix over Zj is given in [3, Section 5.2].

For the remainder of this section, we will assume that A = (Ay;) is an M x M upper
triangular NSC matrix over Z, (upper triangular means that Ay; =0forall 1 <[ <k <

We now describe how to construct the point set, based on the so-called matrix-product
construction:

Let 1 < s; < .- < sy be integers and define og := 0 and g, := s14---+sp for1 <k <
M. Let s :=op. For 1 <k < M let Py, = {azgk) b~ where :B%k) = (ngg'k—l‘i’l’ . ,xzk;k)
for 0 < h < 0™, be (tg, v, Bk, Nk, My, Sk)-nets in base b where we assume that fyny is an
integer. (As with the (u,u + v)-construction, one can without loss of generality assume
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that xglkj) = f}(l’?’l/b + f,(f?,g/b2 + -+ with 5,5’?6 = 0 for ¢ > ny, as setting the remaining
digits to zero does not affect the quality of the net P,. However, this is not necessary as
the results in this subsection also hold otherwise.)
We now define V= (Viy)phey == A7' € 7™M and note that V is upper triangular.
For
h = hl + thTm 4+ 4 hMbml+mz+---+7nM—17

with integers 0 < hy, < b™ (hence 0 < h < b™ where m = my + --- 4+ my) and for
o1 < j<op k=1,...,M, define
Zh,j = Vk,kx(k) S Vk,Mx(M) (5)

h,j har,g?

where @ and also the multiplication are carried out digitwise modulo b, i.e., z; ; = (p5,1/b+
Chj2/V? + - -+ where

Chje = ‘/}C,ké-i(z]z),j,c +eeet W,Mﬁf(x?j,c €Zy forallc>1,

with :vgl)’j = @Sll),j,l/b + 5,(5[)7].72/1)2 + .-+ for k <1 < M, where addition and multiplication
are carried out in Zy, and where we assume that for each h and j infinitely many of the
digits (pje, ¢ = 1,2,... are different from b — 1 (if this is not the case, then, for example
by modifying any of the digits (4., ¢ = maxi<p<pr ngp + 1, maxi<p<pr g + 2,..., will
solve this problem without affecting the quality of the point set; indeed, the forthcoming
Theorem 3.3 will establish that the digits 5 ;. with ¢ > miny<p<p (M — &+ 1)(Brng — ti)
can be modified arbitrarily since they do not influence the quality of the net; this way, for
M = 2, the (u,u + v)-construction can be viewed as a special case of the matrix product
construction).

Analogously to the notation used above, we write @;‘;1 Al,kul(k) = Amugk) DD
Amu,(f), where the addition and multiplication are carried out digitwise modulo b.

Now we define P = {zg,...,2zpm_1} with m = my + --- + my, through z, :=
(2n1,- -5 2ns) for 0 < h <™.

Lemma 3.1 Letd = (di,...,dy) € K}, withdy, € lCZ’fb and assume that dj, = @le Al,kul(k)

where for | < k, ul(k) = (u;,0) € ’Cifb for some u; € ICZ{b. Then we have

1 b'm1+m2+»-»+7n]\/[_1 M 1 bmr_l
sy 2. wwala(z) =[] (bmr > bwalur@%?))-

h=0 r=1 hr=0

Proof. Let z) = (zﬁfl), o ,ZSM)) € [0, 1) *5M where zgf’“) = (Zhop_ 1415+ -+ » Zhoy,) €
0,1)% for 1 <k <M. Ford = (dy,...,dy) € K5, with d;, € K’* we have
[ n,b n,b

bm1+.4.+m1\/[71 bm1+...+m]\/171 M
E _ E (sk)
bwald(zh) = H bwaldk(zh )
h=0 h=0 k=1

By assumption we have d;, = @le ALkul(k), where for | < k, ugk) = (w,0) € K,
for some u; € leLl’b. Let furthermore w; = (u;,0) € K, ;. Then for each of the above
summands we have

M M

Sk) Sk)
[T swala, (=) = T wwalgy s, um(=0")
k=1 k=1
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M
= H bwal@le Ay ul® (Zhoop_y+1s - - -5 Zhooy,)
k=1
B (r) (r)
— H H bwa‘l@le Al,kul(k) (Vk’rxhr,o.k71+17 ceey Vk,’rl‘hr,a'k)
k=1r=k
B (r) (r)
= H H bwalvk,r (695:1 Al,kul(k>) ('Ihr,o'k—l"rl? c 7$h7-,ak)
k=1r=k
M M
()
= wal €z
H H PNV (Bl Az,kugk))( h)
k=1r=k
M r
(r)
— wal : €T
H H b Vie,r (@f:l Al’k“l(k)) ( for )
r=1k=1

(r)
D=1 Vi,r (@le Al,k'“'l(m) <whr )
(r)
bW&lEBzzl Vier (DI A ) ((th ,0)),

where (935:), 0) € [0,1)° is just the concatenation of azg;) € [0,1)* and the s — s, dimen-
sional zero vector 0. Since V = A~! we now have

d 1 ifr=1
@Vkﬁlvk —{ 0 ifr Al

Hence we obtain @,_, Vi, B, Aixt = B, W D,._; VirAix = @, and hence

M M
(T) (r) _ (r)
H bwal®2:1 Vk,r(@f:lAz,kuz ,0)) H swalg, ((z),”,0)) = H pwaly, (x;))
r=1 r=1
Hence

pmittmar _q pmitotmar 1 M

1 1
gy 2o vala(z) = e Y [ swal ()
h=0 r=1

h=0 e
- H(bm,, Z bwalm(wg})>,

r=1 hr=0

For the rest of the subsection, we make the convention that

= Z Ma(dk)-

If po(d) > 0, then there exists at least one integer [, so that u; # 0; the largest integer [
so that u; # 0 is denoted by [*. We need the following lemma.
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Lemma 3.2 Let d be as in Lemma 3.1 with pu.(d) > 0 and let I* denote the largest
integer | so that w; # 0. Then we have pio(d) > (M — I* + 1) pio ().

Proof. The proof follows along the same lines as the proofs of [9, Lemmas 2 and 3]. O

We can now show the main result of this subsection.

Theorem 3.3 (Propagation Rule 9) Let 1 < s < .-+ < sy be integers. For 1 <

k< M let P, = {wék) bt where zl:glk) = (xgllfik_lﬂ,...,x;fik) for 0 < h < 0™, be
(g, o, Br, g, mg, Si)-nets in base b where we assume that Bgny is an integer.

The multiset P = {zq, ..., zZm_1}, where 2y, := (zp1,...,2ns) and where the z,; are
giwen by (5), forms a (t,a, B,n,m,s)-net, where s = sy + -+ + Sy, N = MaXy << s Nk,
m=my+---+my, f=min(l,am/n) and

t<pPn— min (M —14+1)(Gn — ;).

1<I<M

Proof. According to [1, Theorem 1] it is enough to show that

pmitmatetma 1

1
pmatmatt+myy Z bwald(zh) =0
h=0
for all d € N§ satisfying 0 < pq(d) < fn —t. As d must satisfy p,(d) < fn —t we may
restrict ourselves to d € K, , satisfying 0 < po(d) < Bn —t. From Lemma 3.1, we know
that

1 pmitmottmar M 1 b —1
e bwald(zh):H<bmr > bwalur(wzﬂ?)) (6)

h=0 r=1 hy=0

Assume now that d € K, ; is such that 0 < p(d) < Bn —t, then there exists an integer
[ so that pa(w;) > 0 and as before, we denote the largest integer [ so that u,(w;) > 0 by

{*. We now use Lemma 3.2 to conclude that

(M - r + 1)(@*711* — tl*) > min (M —1 + 1)(517741 - tl)

— I<I<KM

= Bn—t > po(d) > (M —1* + 1) o (u).

Hence we have shown that 0 < po(w;) < Gpeng — t« and therefore

T
l*
b Z bwalul* (wgll*)) =0,
hye=0
i.e., the [*th factor in Equation (6) is zero. O

3.4 A double m-construction

In this section, we aim to generalise a propagation rule referred to as “double m-construction”
in [9, Section 3.4], which again generalises a propagation rule from [16] for digital (¢, m, s)-
nets.
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Assume we are given a (t1, aq, 51, n, m, s)-net in base b, denoted by P; = {wh}gmzal, and

a (to, g, Ba,n,m, s)-net in base b, denoted by Py = {yi}ﬁ?;”gl. For @, = (xp1,...,%hs),
we write ¢ ¢
h,j,1 h,j,n
g — + P + =0
M b
and for y;, = (Yi1,...,Vis), we set
Mij,1 Ni,jn
i = + P + —_—
YT b

Furthermore, the dual set associated with P, is denoted by D,(ll), the dual set associated
with Py by DY, We are now in a position to define a multiset P := {zq,..., Zy2m_1} as
follows: For A/ = hb™ +4, 0 < h<b™ —1,0<i<bh™ — 1, we set

§h,j1 D Mija Ehjn ©Nijn 0O M1 0S Nijm
:T_f_..._’_ m + s _|_..._|_b2—n’ (7)

<hj

W =0,...,0—1, 45 =1,...,s. We now define a set A/, which in the forthcommg
Lemma 3.3 will be shown to be the dual set of P. Let a, = (ay1,...,0,5) € D) ,r=1,2
and define k = k(aq, as) := (ki,. .., ks), where

k’j :a1,j+b”(a1,j@a2,j), ] = 1,...,5,
then we set N = {k(al, ay) € K5, a1 € DS), as € Dg)}.

Lemma 3.3 The set N' = {k: €5, a1 € DV a, € D,(LZ)} is the dual set of P =

{z0,...,zpepm_1} where z, = (2n1,-..,2ns) and where the z,; are given by Equation

(7).

Proof. Let k = (ky,...,ks) € K5, ,, where kj = a1; +b"(a1; ® ag;), j = 1,...,s, and
where a, = (a,1,...,a,5) € K, 4, 7 =1,2. Clearly,

b2 —1 b —1bm—1 bM—1b6"—1 s
Cp = g pwalg(zp) E E pwalg(Zppm ;) E E H swaly, (Zhom i j)-
h'=0 h=0 i=0 h=0 i=0 j=1

For brevity, we set k; = k:(l) + b”k ) , Where k:(l and kj(?) have the b-adic expansions
= 1k(1)bl I and k:(Q) Yo 1k;(2)bl 1. Hence

-27Ti (1)
bwalkj(zhbm—‘ri,j) = €Xp T (Zk (ffh,gl @Uz,gz Z ]l n 097]i,j,l—n)>]

=1 I=n+1

2ri
Zk']l 0@771,]1)

-27r1
= exp Z kjl gh,],l D Ny, l)

= bwalkjn (.thj ©® Yi ]) bW&lk (O S y’h])

exp

(2)
= bwalm ‘(th) bwalm . (yl ]) bwalal,]’ (O S yi,j) bwaltm,j (0 S/ yi,j)
)

= bwalalj( h,j)W?
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and further

bm—-10m—-1 s

Ce = Z Z H bwalal,j(ajhyj) bwalaz,j(yi7j)

h=0 =0 j=1

bm—1b6"—1 -
= Z Z bwalal (wh) bwa1a2 (y7,>

h=0 =0

b —1 vl
= Z pwalg, () Z pwala, (Y;)

h=0 =0

pm_1 bm—1

= Z bwalal(:ch)z pwala, (Y;).
h=0 i=0

If k€ NV, then a; € D,(zl) and ay € D,(f), so we have ¢ # 0 and hence k is in the dual set
of P. If on the other hand k is in the dual set of P, then ¢x # 0 and hence a; € Dg) and
a, € DY, sok e N. O

In order to bound the quality parameter of P = {zq, ..., zyp2m_1}, we define

d=d(D;), DY) = max maxmax(0, jia(a15) — a(a1; S az5)),
<j<s Rj

where R; is the set of all ordered pairs (a;, as), with a, = (a,1,...,a,5) € D \ {0},
a1; ®agy; =0 for i # j and a; ; @ ag; # 0. We define the max over R; to be zero if R; is
empty. We can now prove the main result of this subsection.

Theorem 3.4 (Propagation Rule 10) Let Py be a (t1,aq,1,n,m,s)-net in base b
with dual set DY and Py be a (to, va, B, m,m, s)-net in base b with dual set DP. Let
d= d(Dg), D,(?)). Then the point set given by Equation (7) is a (t,«, 3,2n,2m, s)-net in
base b with o = max(ay, ), = min(fy, F2) and

t <max(|20n| —n— |fin| +t1+d, |206n] —n— |fan] +t2,0),
if DY N DY = {0}, and
t < max(|26n] —n—|fin] +t +d, |26n] —n— | Bon| +1ta, [28n] + 1 — pa(DH NDD), 0),
if DY N DY + {0}.

Proof. Clearly, 0 < # < 1, @ > 1. We show a lower bound for p, (k) for all nonzero
vectors k € N, which by Lemma 3.3 is the dual set of the point set given by Equation (7).
To this end we use the property that pa(DS)) > pa (DY) > [Bn] —t, + 1, as o > a,
r=1,2. For k € N, k # 0, we have k = a; + b"(a; ® a3) with a; € DY and as, € g
(not both of them are zero) and hence

fa(k) = palar + 0" (a1 @ as)).

We consider four different cases:
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1. If a; = 0, then as # 0, and hence
(k) = pa(b"az) > n+ po(az) >n+ pa(lDf)) >n+ [fon] —tr + 1.

2. If as = 0, then a; # 0, and we obtain in a similar manner that

fia(k) > pa(B"ar) > n+ po(DM) > n+ |fin] —t + 1.

3. If a17 az # 0, but a; ¢ a; = 0, then a; € D,(Z ), SO a 6 D(l) N D . Consequently,
if DY N DY ) {0}, this is not possible. If DS N DY + {0}, then

Ha(k) = pa(ar) = pa(DY NDP).

4. If a1, as # 0 and a1 @ as # 0, then we have

pa(k) = D pialar; +b"(ar; ® az;))

j=1
= Y palay H0ay ®ag) + Y palary)
=1 =1
(l]',1‘679aj727£0 aj,lej}an:O
> > gV, ® azy)) + fa (@) (8)
— —
(ljyléd_ﬁQ#O aj, 1EJB j,2=0

We now distinguish between two subcases: Firstly, assume that the first sum in
equation (8) has at least two terms, then u,(k) > 2n+ 2. Otherwise, it has exactly
one term, say for j = jo, which gives a smaller value than 2n + 2. In this subcase
we have

ta (k) fa(b" (@15, © az,4,)) + pal@r) — palan,jo)

n—i—,ua(al) ( a(al ) Ma(aljo@a2J0)>
n+ pa(Dy)) — d(D), D)

n

(A\VARAVAR VS

Hence combining the four cases we have

pa(N) > min(n+ [Sin] —t;1 +1 — d(D(l),Dg)), n+ |[Gon]| —ta + 1,pa(D§Ll) N D,(f))),

if DY N DY £ {0}, and
pa(N) > min(n + [fin] —t1 + 1 —d(DY, D) n+ |Bon] —ty + 1),

n

if DV N DY = {0}. Now the result follows from Theorem 2.2. O
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3.5 A base change propagation rule

In this subsection we show how one can obtain a net in base b from a net in base b”.
Thereby we generalise [14, Propagation Rule 7] (see also [9, Propagation Rule XI]) to
(t,, 3,n,m, s)-nets. The proof technique and the construction follows [14, Proposition 7]
very closely.

Theorem 3.5 (Propagation Rule 11) If there exists a (t,, 3,n,m, s)-net in base b*
with an integer L > 1, then there exists a (t,«, 3,n,mL,sL)-net in base b.

bL m__1

Proof. Let P = {:ch} be a (t,a,3,n,m,s)-net in base b*. Without loss of
generality we may assume that xp, = (Tp1,...,2hs) With

Ty =Y &) for 0 <h< ()" -1,
where all &, ;; € Zy.. Let the expansion of §, j; in base b be

L
i =D 2 B for0<h< ()" —1,1<j<s,1<1<n,

where all zhlk € Zy. Now we define a multiset Q = {wo, ..., wymr_;} whose elements
are in [0, l)SL The coordinate indices range from 1 to sL, and so we can denote them by
(j—1)L+kwithl <j<sand1l <k < L. Let wyj_1)r4+ denote the corresponding
coordinates of the point wy;. To complete the definition of Q, we put

G 1L+k—Zzhlkbl for 1 <j<s1<k<L0O<h<bl—1

We will now show that Q is a (¢, «,3,n,mL,sL)-net in base b. To this end we fix
v,a,,t, so that 1 < @(J DAk e < 70 < i(j—1)L4+k,1, for 1 <k < Land 1< j <s,s0

min(v, Q) .
that >0, Sor Sy i1k < Pn—t.
For wy, to be in J(a,,%,), we need

Wh,(j—-1)L+k,l = A(j—1)L+k,l for all I € { (=D LAk 1)k - - 72'(j71)L+k,1} )

which is satisfied if and only if

4 _ .
Zpik = QG- Lkt for all 1 € i1y ik 1y - WG—1) Lk [ -
For 1 < j < s we define Uk 1{ (G—1) L, 1)L+k""72(j_1)L+k71} = {ej’;j,...,ejyl}.
k-1 :
For | € {ejvgj, . ,ejyl}, we set a;; = Zk:l ag—1)L4+k0" ", where unspecified a¢_1yn4y

are chosen arbitrarily. In fact, the number of a(;_1)z4x,; chosen arbitrarily is given by

s L s L
S0 ) =LY Z D VG-nik
j=1 =1 k=1

=1 k=1
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s ~ _\"s L . . .
Hence there are bf2i=1%~2j=1 Zie1¥G-nr+k generalised elementary intervals of format

s bE—1 ~ a
_ a1 Qjn_ Gj1 G, 1
J(@e)=]] U [b—ﬁ'“*(b) x "*@L)n*(bL)n)
J=1 a5, =0

lE{l,...,n}\{ej’,jj,...,ej,l}
of volume (b%)~2i=1% . However,

s min(v;,a) s L mln(V(J 1) L+k:& a)

Z Z e < ZZ Z iG—1) L4k < B — 1,
j=1 =1

=1 k=1

hence by the (¢, «, 3, n, m, s)-net property of P, J(a,e) contains (bL)m_ijlﬂj points and
hence J(i,,a,) contains

Bl Y51 TS5t Ykt VG- Ltk (bL)(m* =17 — pLm=35m1 Tie Y-tk

points of Q as required. O

3.6 Pirsic’s base change rule

In this subsection, we present a generalisation of Pirsic’s base change rule, see [19, Lemma
12], also [18]. This result shows how to interpret a (¢, ca, 3,n,m,s)-net in base b’ as a
(t',a’,3',n',m', s)-net in base b*. Furthermore, we state some special cases, in particular,
we show how to interpret a (¢, «, 3,n,m, s)-net in base b as a (t',a/,3',n',;m’, s)-net in
base b~ and how to interpret a (t,a, 3,1, m, s)-net in base b% as a (t', o/, 3',n’,m/, s)-net
in base b.

Theorem 3.6 (Propagation Rule 12) Letn,n’,m,m’,;s,a, L and L' € N, where gcd(L, L") =
1, mL=m'L',nL =n'L', let 0 < 3 <1 be a real number and let 0 <t < n and Bn be
integers. Then a (t,al’, 3,n,m,s)-net in base b* is a (¥, %,n’,m’, s)-net in base b,

where

t =

)

L'(L'+ (=L (mod L)))
{tL + (sall = 1)(L — 1) — E=0E D

_ <|VtL +sa(L — 1)L — % + (=L (mod L))ﬁ”/“
min

L/2

Proof. The proof proceeds as follows: We start with a generalised elementary interval for
the point set in base bY', then change this into a generalised elementary interval in base
b and consequently rewrite the latter as a union of intervals in base b”.

Assume we are given an arbitrary generalised elementary interval J(4,, a, ) in base b
for some given values of v, 1,, a,, such that v; > 0,1 <4;, <--- <1, j=1,...,s,
and such that for a nonnegative integer t”

s min(vj,a)

Z; Z zﬂ_—n—t 9)
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Without loss of generality, we assume that there exists at least one v; satisfying v; > 0,
then J(%,,a,) admits the following representation:

s bt -1
. - ;1 Ajn Q51 Qjn/ 1
J(ZV7a’V) - H U [ﬁ++(bL—/)TLI’ﬁ++ (bL/)n/ + (bL/)n/> .

j=1 tljyl:()

1e{l N\ i i }

/ . . .
Asaj; € {0,...,b% — 1} it has a b-adic representation of the form a;; = a;jy1 +aj; 20+
’
o 4 aj; 6" 1, and hence
aj ;1.1

_ aji,2 aji
(bL) — pi-DE+1 +o Tt pIL—1 + piL

for 1 <1 <n' where a;;, € {0,...,0—1}. We now set
o~

CLj’l . (l]"k
(bL')! - Z bk

k=(1—-1)L'+1

Le. Qjup—gr1 = Aj1g 1 <1 <n/,1<g<L and1l<j<s. We can now rewrite the
above interval as a generalised elementary interval in base b,

s b—1 ~ ~
o~ a; a; 1/ il
JGna) = [] § {ﬂ+...+a_¢+...+ 'L

b bL/ bn/L/ Y
Jj=1 Ej’l:O
le{lr'wn/l’l}\{ij,ujl/7ij,VjL/717""ijal}

G G G L
T AR e +b"’L’>’

where B
b (k-1)p+g = Gl +1—g
for 1 <g < L'and 1 <k <v,. Clearly,

s b—1 ~ ~ ~ ~

S~ aj1 AjnL @1 ajnL 1
J(”'U7a’l/)_H U |:T+-+an7T+~+an +bn_L>
7j=1 6“:0
lE{l,...,nL}\{,’ijl,jL/:--'Zj,l}

Now for 1 < j < sand 1 <k < v;L’ we define integers 7, and e;, such that 0 <r;, < L
and B
Uik = €kl = Tjp.

Note that it is possible that e;; = e;x for k # k'. Let now {’éﬁj,...,EjJ} be the
set of distinct elements of {erL/, e ,ej,l}. Then v; < v;L" and {ejﬂ,jL/, e ,ej,l} =

Let v = (74,...,7,). For 1 < j < s for fixed a;; and €;,L — (L —1) <1 <€;;L, where
1 <k <v;, weset

— bL—1~

= [—2~ ~
a5z W pl—(L—1) + 07 Qg (L2 + -+ Qg L
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Furthermore, for fixed j, only v;L" of the a;;, where €;,L — (L — 1) <1 < ¢;;,L and
1 < k < vy, are specified in a,. Hence J(i,,a,), and therefore also J(%,,a, ), is the union
of b= %~ Xi=1% disjoint intervals of the format

. (o) (b) (b5 (bF) - (0%)? (bf)— (bF)

7=l ;=0
le{l,...,n}\{gjygj ,~~-7€j,1}

s bLl—1 =~ = =~ =~ =~ =~
a; Qip Q5 a; i, 1
1T U e e L e )

If we can show that

’é/j,l < ﬁn_ty (10)

then each interval contains (b%)™~ "It points, and consequently J(4,,a,) contains

! rr’ ! / /
(bL) |V\1b\u|1L |v|1 L _me v L _me —|vh L' _ (bL) —|vh

points and the proof is complete. Hence J(4,,a,) contains the right number of points if
Equation (10) is satisfied, or equivalently, if

s min(v;,al’)

Z Z e L < L(fBn —t).
7j=1

So J(%,,a,) still contains the right number of points if

s min(y; L' ,aL’) s min(y; L' ,aL’)

Z Z zjl—l—z Z rii < L(Bn —1t). (11)

We now find a bound for } 3°_, me (i Lally i1

s min(y; L' ,aL’) s L'min(v;, a)
2o = )
J=1 Jj=1
s min Vj,a) )% s min(vj,a) L/

= Z Z ZZJ k—1)L'+g = (kL' +1—yg)
j=1 k=1 g=

s min(yj,a) [ L/ L'—1
. !
=D Z ZwL—Zg]
7j=1 k=1 g=1 g=1

s min(vj,a)

r-nr
- ; z:: @'j,kLﬂ——( 2) }

s min(vj,a)

, L-1nr
3 S ] e
=1 k=1
L'—-nr
< ﬁn’L' _ Zf”L/2 . ; (12)

2 9
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where we used Equation (9). Combining Equations (11) and (12) we find that J(2,,a,)
contains the right number of points if

s min(y; L' ,aL’)

LP 4 =y Z ri; > tL.
7=1

That is, we can set

L' -1
' = min {t” 'L+ (T) — M@ > tL} : (13)
where
s min(y; L ,al’) B s min(vj,a)
= max Z Z (—tj; (mod L)) : i;;, >0 and Z Z i1 < En "
J=1 7j=1 =
where we recall %l =¢ejyL—rjyforl <l <yl and1 < j < s, and @,(k_l)L/+g =

ijxk L' +1—gforl < g <L and 1<k < ;. Wenow aim to find an upper bound for
> i1 Z?:T(VjL ok )(—Zj’l (mod L)). We have

s min(y; L' ,aL’) s min(vj,a) [/
Y (=i (mod L) =) D (—ijpl' —1+g (mod L))
j=1 1=1 j=1 k=1 g=1
s min(yj,a) L/ s min(yj,a) L/
< > > (=il (mod L))+ (9—1 (mod L))
j=1 k=1 g=1 j=1 k=1 g=1
s min(vj,0) L'
< (=L (mod L))ijx+ sa(L — 1)L

(=L (mod L))L' (%n’ — t"> +sa(L — 1)L
= (=L (mod L))(Bn' —t"L") + sa(L — 1)L’
From Equation (13) it follows that

(L' — 1)L

t<m1n{ "L+ 5

(=L (mod L))(Bn — 'Ly + (L — 1)L'as) > tL} |

This condition is satisfied for all # with

. {tL +sa(l— )L — Y0 4 (1 (mod L))ﬁ?ﬂ

2

L'(L'+ (=L (mod L)))

Y

which gives the first bound. For the second bound, let

L'—-1)L’
. {tLJr (sa —1)(L—1) — %w |

L/2
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then, using Equation (12), we have

s min(7;,al’) s min(y;L 0l’) s min(y;Lol’)
22 IS 1bS PP SR PR
J=1 J=1 J=1

s min(y; L' ,aL’)

1
< z ﬁn/L' 2 Z Z oy
7=1

1 L'—-1nL
< 7 (ﬁn’L’ —t"L* — % + sa(L — 1)[/)
1 L' -1 L' -1
< 7 (ﬁn’L’—Lt— (sal’ = 1)(L —1) + ( 5 )| 5 ) +3a(L—1)L')
L—-1
= Bn—t+ "
pBn —t+ 7

. . . min(v;,aL’)
By assumption, #n is an integer, > °_, >, @ ejl is an integer, hence

s min(v;,al’)

> Z &y < On—t,
7=1

which completes the proof. 0J

We point out that oL’ changes to o in Theorem 3.6 . Using Propagation Rule (2),
we can establish the following corollary to Theorem 3.6, which avoids a change in the
parameter .

Corollary 3.1 Let n,n’;m,m’,s,a, L and L' € N, where gcd(L, L") = 1, mL = m'L/,
nL =n'L', let 0 < <1 be a real number and let 0 < t < Bn and (n be integers. Then

. . . ’
a (t,a, B,n,m,s)-net in base b* is a (¢, «, %,n’,m’,s)—net in base b™', where

v tL+sa(L — 1)L — EEDE (17 (mod L))sn’
- (L + (L' (mod L)) ’

tL+ (sal/ —1)(L —1) — EZ0Y
12 :

However, in some cases it is possible to improve on Corollary 3.1.

Theorem 3.7 (Propagation Rule 14) Let n,n',;m,m',;s,a,L and L' € N, L' > «
where ged(L, L") = 1, mL = m'L’, nL = n'L’, let 0 < f < 1 be a real number
and let 0 <t < Bn and Bn be integers. Then a (t,a,3,n,m,s)-net in base b* is a
(t' a, 2.0’ m/, s)-net in base b*', where

([t sfon D) = P+ (<1 (mod L)gn’
a(L'+ (=L (mod L))) )

tL+(sa—1)(L—1)_@
O[L/ )

t =

and where f(o, L) =3 1~ (Il —1 (mod L) ).
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Proof. Using the same definitions as in the proof of Theorem 3.6, we aim to establish
that the assumption

where t” is a nonnegative integer, implies that

s min(v;,a)

Z Z €1 < pBn—t. (14)

We proceed in a manner similar to the proof of Theorem 3.6, i.e. J(%,,a,) contains the
right number of points if Equation (14) is satisfied which in turn is equivalent to

s min(7;,a)

> Z ¢ L < fnL —tL,
7j=1 =1

and hence J(,, a,) still contains the right number of points if

s min(y; L) s min(y; L)
Z Z i+ Z Z rip < BnL —tL. (15)
7j=1 7j=1

We now find a bound for »°_, Z?;hf(yj L"a)@,l. We have

s min(y; L’ a)

7j=1 [=1
l/j>0
- Z Z [Z'j71L/ + 1 - l]
7j=1 [=1
l/j>0
S5 5 3IES ) pib!
j=1 i=1 j=1 i=1
l/]'>0 V7'>0
= a3 g
.771 - 2
V]>0 g7>0

Hence, combining Equations (15) and (16), we find that J(¢,,a,) contains the right
number of points if

t"al’ + la=la Z Z_: | rii > tL.
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We set

where

= max —ii (mod L)) : i;1 >0, 21_—n t’
Z Z D 7 Z]

Z/J>0

We now establish a bound for Zj‘:1 Z;‘:T(W’L”a)(_fi}’l (mod L)), where we set f(a, L)
Y (I =1 (mod L)). We have

s min(y; L' ,«)
Z Z zjl (mod L))
7j=1

S «

= Z Z (—ijal' =141 (mod L))
1/];:>10 =1
< >N (=i (mod L)+ > ) (1—1 (mod L))
13;10 =1 U];=>10 =1
< (=L (mod L))a (gn’ — t") +sf(a, L).
Hence
t < mln{ ol 4 @ —((=L" (mod L))(Bn' —t"a) + sf(c, L)) > tL} )

which is satisfied for all ¢’ with

al(l/ + (=L (mod L)))
To obtain the second bound, we set

o {tL-F(SOé— (L —1)— ww

al/
Consequently,
s min(7j,a) 1 s min(y; L' ,«a) s min(y; L)
PORCTRE Z 2t 2
j=1  i=1 j=1 =1
< al/ én’ AN (0 — 1 N sa(L —1)
- L \« 2L L
L—-1

< Bn—t+ =
< Pt

hence 37, Z?;hf(gj’a) €, < pn —t and the proof is complete. O

In the following corollary, we recover the result due to Pirsic.
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Corollary 3.2 Let m,m/,L and L' € N, ged(L, L) =1, mL =m'L" and let 0 <t <m
be an integer. Then a (t,m,s)-net in base b" is a (t',m’, s)-net in base b*', with

o[ )

Proof. The proof follows immediately from Theorem 3.7, where weset a =3 =1, n=m
and n’ = m’ and notice that f(1,L) = 0. O

We again remark that in Theorem 3.6, oL’ changes to a. However, when considering
a base change from b” to b, there is no need to change o, as the following theorem shows,
which can be regarded as a generalisation of [9, Theorem 9] and [17, Lemma 9.

Theorem 3.8 For a,n,m,s,L € N, 0 < 8 < 1 a real number and 0 < t' < fn an
integer, a (U, a, B,m,m, s)-net in base b* is a (t,«, 3,nL,mL,s)-net in base b, where

t<({t'+e)L+ (sa—1)(L—1)
and e = 0 if fn is an integer and e = 1 otherwise.

Proof. The proof is similar to the proof of Theorem 3.6. ([l

Finally, we consider a base change from b to b*, which can be considered to be a
generalisation of [12, Lemma 2.9].

Theorem 3.9 Let n, m, s, a, L' € N, let/O < 6 < 1 be a real number and let 0 <
t < Bn/L' be an integer. Then a (tL” + %,aL’,ﬁ,nL’,mL’,s)—net in base b is a
(t, %,n,m, s)-net in base b .

Proof. The proof is similar to the proof of Theorem 3.6. ([

Furthermore, we point out that oL’ changes to o in Theorem 3.9. Using Propagation
Rule (2), we can establish the following corollary to Theorem 3.9, which avoids a change
in the parameter a.

Corollary 3.3 Let n,m,s,a, L’ € N, let 0 < ﬁ/g 1 be a real number and let 0 <
t < Bn/L' be an integer. Then a (tL” + %,a,ﬁ,nL’,mL’,s)-net in base b is a

(t,a, 2, n,m,s)-net in base b .

B
s LT
However, in some cases it is possible to improve on Corollary 3.3.

Theorem 3.10 Letn,m,s,a,L' € N, L' > «, then a (taL'Jr%,a,ﬁ,nL’,mL', s)-net
in base b is a (t,q, g,n,m, s)-net in base b~ .

Proof. The proof proceeds along the same lines as the proof of Theorem 3.7. O
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3.7 A higher order to higher order construction

Next we consider a propagation rule which was referred to as “A higher order to higher
order construction” in [9]. In [6], it was shown how to construct digital (¢, cv, 3,n X m, s)-
nets from digital (¢, m, sd)-nets. Essentially, the “higher order to higher order construc-
tion” in [9] replaces the digital (¢,m, sd)-net with a digital (¢,«, 3,n x m, sd)-net, but
makes use of the same construction algorithm. We now show that the same idea can

be used for (¢,a,3,n,m,s)-nets. Assume we are given a multiset {xg,®1,...,Tpm_1}
forming a (¢, ', §',n,m, sd)-net in base b. We write ), = (zp1,...,Zha) and z,,; =
Ehja/b+Enja/bP+ .. forall0 < h<b™—1and 1<j <sd

Then we construct a multiset {yg,...,Yym_1} as follows: For 0 < h < b™ we set

Yp = (Yn1,---»Yns) in [0,1)° where for 1 < j <,

n d
Ynj = Z Z En(-1yarrgb FEDL (17)

=1 k=1

Theorem 3.11 (Propagation Rule 15) Letd € N and let the multiset {xy, ..., Tym_1}
be a (U, 3',n,m, sd)-net in base b, where we assume that 3'n is an integer.

Then for any a > 1, the multiset {yg, ..., Yym_1}, defined by Equation (17), forms a
(t,a, ' min(1, /(a/d)), dn, m, s)-net in base b with

t— [mm (d, %) min (ﬁ’n,t’ n {WJ ﬂ .

Proof. The case where f'n < t'+ |a/s(d—1)/2] is trivial. Hence we assume from now on
that 'n > t' + |&'s(d — 1)/2] and that we deal with an arbitrary generalised elementary
interval J(i,,a,), for some given values of v, i,, a,, such that 1 < L, < o0 < i1,
v; >0, for 1 <j<sand

s min(y;,a)

Z Z ij; < ' min <1,%) dn —t.

J=1 =1

We need to show that J(3,,a,) contains b ¥l points. For y,, 0 < h < b™ — 1, to be in
J(ty,a,), weneed for 0 < h<bvm—1,1<j<s, 1<l<nand1<k<d,

Nh,j,(1-1)d+k = Qj (1—1)d+k whenever (l — 1)d + ke {ij,yj; c. ,Z.jJ} ,

where yp; = nnj1/b+ - + Mhjan/b™. But from the construction method we find
that the condition 1y —1)a+x = @jq—1)a+r is equivalent to & j—1)yark; = @j,a—1)d+k- AS
{xo,@1,...,xpm_1} forms a (t', o/, 5, n, m, sd)-net, we translate the above condition into
a condition on a generalised elementary interval of dimension sd. In particular we set

A nyark = Ga-vares if (0= 1)d+k € {iju,, ... i1}

Also, for each choice of 1 < j < sand 1 < k < d we let w(j_1)q4r denote the largest
integer such that there are e;;_1)g4x1 > -+ > €(j—1)d+h,wi_1yarn > 0 for which

{(e(jfl)d+k,u —ld+k:u=1,... >w(j71)d+k} - {ij,uj, e ,ij,l} )
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where for w;_1ya4r = 0 we set {(e(j_l)d+k7u —ld+k:u=1,... ,w(j_l)d+k} = (. Con-
sequently, for dimension (j — 1)d + k with 1 < j < s and 1 < k < d, the dig-
its a’(j_l)d%’l, . 7a/(j—1)d+k,w(]- arp ATC specified whenever w(;_1yq4x > 0. In particular,

W(j—1)a+k gives the number of digits in dimension (j — 1)d 4 k that the generalised ele-
mentary interval corresponding to the (', o/, 5, n, m, sd)-net contributes to dimension j of
the generalised elementary interval corresponding to the (¢, o, ' min(1, a/(’d)), dn, m, s)-
net. We hence note that

d

Zw(j_l)d+k =v; forl1<j<s. (18)
k=1

and obtain the following generalised elementary interval J(e,, a.,) of dimension sd, where

— /A / / / /
€w = (Cluwys -1 €Ly -+ s Codiwggs - - 5 Csdy1)s Ay = (A pys ooy A g5y Ay s e v Ay p) and
!/
J(ew,ay,)
sd b—1 / / / / / /
Q. a; a;. a; a. Q. 1
J,1 5,2 Jn 75,1 3,2 Jsn
” | | —_— =t =+ =+ + —].
b 2 n b 2 bn bn
= a;lzo

le{l,...,n}\{ej,wj,...,e]-,l}
By the property of the (¢, &/, 3',n, m, sd)-net, if

sd min(wj,a’)

Z Z e < fBn—t, (19)

then J(e,,al,) contains b~ Yihiwi — pm-Tiayi points, where we used Equation (18),

as required. By distinguishing the cases o/d < « and o/d > «, it was shown in [9] that
Equation (19) holds, which completes the proof. O

Remark 3.2 Similar to [9, Example 1] one can employ a (0, m, 2)-net in base b to show
that Theorem 3.11 cannot be improved on in general.

Corollary 3.4 Let d € N and let {xy,...,xym_1} be a (t',m, sd)-net in base b. Then for
every o > 1, the multiset {yy, . .., Yym_, } defined by Equation (17) forms a (t,a, min(1, §),dm,m, s)-

net in base b with g1
t = min(d, o) min (m, t'+ {%J) :

Proof. The proof follows immediately from Remark 1.1 and by setting o/ = ' =1 and
n = m in Theorem 3.11. 0

Theorem 3.11 can be improved when o = o/, which we show in the following.

Proposition 3.1 (Propagation Rule 16) Let a,d € N and let {xq, ... ,xpm_1} form a
(t,, B,n,m, sd)-net in base b. Then the multiset {y,, ..., Yym_,} defined by Equation (17)
forms a (t,«, B,n,m, s)-net in base b.
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Proof. Let v = (vy,...,vs) € {0,...,nd}® be given and for j = 1,... s let dn > i;; >
- > 5, > 0 be such that

s min(a,v;)

YD) iu<pn—t
j=1 1=1

Let 1y = (Z.Llu . ,Z'Ll,l, e 71.3,17 e 7/1:8’1/5)7 a, = (a17i1,17 . ,aul,yl, . 7CL37Z'5,17 e ,as,is,us) -
{1,...,nd}", and a generalised elementary interval
2 b a a a a 1
. _ .771 ],T'Ld ]71 j7nd
J(ZV’G’V)_H U [ b + + pnd 7 p + + pnd +bnd
j 1 a 1= 0

le{1,.. ,nd}\{ljl, ,z],,J}

where {%‘,1, . ,ij,yj} = () in case v; =0 for 1 < j < s, be given.

Let v, = (Yn1s- -y Yns) With Yns = Nnj1/b + Mhj2/b*> + -+ Then y, € J(iy,a,) if
and only if 7, ;; = a;; for all [ € {ij1,...,4;,,} and 1 < j <.

We define now a new generalised elementary interval J' in dimension sd such that
y, € J(i,,a,) if and only if @, € J'. To this end, for j = 1,...,s, let a'(j_l)dJrk,l =
aji-1ya+k where 1 <k < dand 1 <1 <n are such that (I —1)d+k € {ij1,...,;,,}. For

j"=1,...,sd we have now specified @), , for certain values of i € {1,...,n}. Let Uy be
the set of ¢’ for which a’, ; is specified, i.e.,

Uj/ = {]. < i/ <n: (2/— 1)d+], - (] - ].)d S {ij,l,...,ij’yj} fOI'j: (]//d—l}

We set Uy = {iq,...,7 i, }, where we assume that the elements are ordered such
;! — sd '/ —
that n > % > .- > Z]"J/;/ > 0. Define now v/ = (v},...,v.;) € {0,...,n}*% i, =
v/ -/ -/ -/ ! !/ / /
(zll,...zly,,...,zsdl,...,zsdu, ), and a —(a”, e alZ b W s Sdld/).

L

Then J' = J(z,,,a.,) has the property that y, € J(z,,, a,) if and only if @), € J(i,,,a.,).
Note that v; g1+ +1V(;_1)gpq = vj for 1 < j < s and therefore [v[; = |/];. Thus

if J' contains o™ 1¥'h points then J(i,,a,) contains b I points. The former will be

min(a,v} ) /

the case if Zjil 1 ; < fn —t, which we show in the following.

If v; < o, then
1 Tiy.
]
Q Q@

G+ g, (@ —1)
«
< djat g,

> Z%z

i'={-1)d+1 I=1

IN

IN

. . . v;(v;+1
since i1 + -+ -1y, > %

If v; > «, then

jd min(l/;.,,a)

./
i

J'=(G-1)d+1  1=1

IA
—|
o |
_

+

+
- 1
o[£

Q
_

+
—|

<
o Ql

—_
_

+
-1

QN

Q
|
Q=
QL
|
=
_

IN
+
+
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Therefore we have

4 min(a,v}) s min(a,vj)

< Z Z Z]l<ﬁn_t
j=1 =1

S

j=1  I=1
Hence the result follows since {xo, ..., xym_1} is a (¢, a, §,n, m, sd)-net and therefore .J’
contains b™~ I points. O

4 Propagation rules for (t,«, 3,0, s)-sequences and an
application

Based on results from Section 3 we deduce properties of (¢, «, 3, 0, s)-sequences in base b.

4.1 A higher order to higher order construction for (t,a, 3,0, s)-
sequences

We use the higher order to higher order construction from Section 3.7 to construct
(t,«, B, 0, s)-sequences in base b.

Assume we are given an infinite sequence {xg,x,...} forming a (¢,d/, [, 0, sd)-
sequence in base b. We write @, = (zh1, ..., Thsa) and xp; = &pja /b + Enjn/b* + ... for
allh >0and 1 <j < sd.

Then we construct an infinite sequence {yg,¥yy,...} as follows: For h > 0 we set
Yn = Yn1,---,Yns) in [0,1)° where

oo d
Ynj = Z Z En(oyarrgb FTEDY (20)

=1 k=1

Theorem 4.1 Let o/,d,s,0c € N, 0 < (8 < 1 be such that o is an integer, and
t" > 0 be an integer. Let {xg,x1,...} be a (t',d/, (', 0,sd)-sequence in base b. Then
for any o > 1, the infinite sequence {y,,¥y;,...} defined by Equation (20) forms a
(t, o, ' min(1, a/('d)), do, s)-sequence in base b with

= [oin(0.2) (¢ [ 224=2))].

Proof.  We need to show that for all £ > 0 and all m > Wﬁﬂdo the multiset
{ykbm, s Ygarypm— } forms a (¢, o, 8" min(1, -55), dom, m, s)-net in base b. It is clear that
m > ﬁf and hence {:L'kbm, . ,w(k+1)bm_1} forms a (t', o/, B', om, m, sd)-net in base b. But
B'om is an integer, hence {ypym, ... s Y (et )b — \} forms a (¢, a, f' min(1, %), dom, m, s)-

net in base b, by Theorem 3.11, where ¢ < [min(d, &)t + [*25— <@=1) )], Hence Equa-
tion (20) defines a (¢, a, #' min(1, a/( d)), do, s)-sequence. O

Remark 4.1 As in Remark 3.2 and [9, Example 1] one can employ a (0,2)-sequence in
base b to show that Theorem 4.1 cannot be improved on in general.

Similar to Corollary 3.4 in Subsection 3.7, we consider the following special case.
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Corollary 4.1 Let o/,d,s,0c € N, 0 < ' <1 be such that 'c is an integer, and t' > 0
be an integer. Let {xg,x1,...} be a (t',sd)-sequence in base b. Then for any o >
the infinite sequence {yy, ¥y, ...} defined by Equation (20) forms a (t,a, min(1,9),d,

sequence in base b with
t = min(d, ) <t’ + {@J) :

The following result is analogous to Proposition 3.1.

1,
s)-

Proposition 4.1 Let {xy, x1,...} be a (t,a, (3,0, sd)-sequence in base b. Then the infi-

nite sequence {yy, Yy, .- - } defined by Equation (20) forms a (t,«, (3,0, s)-sequence in base
b.

Proof.  We need to show that for k > 0, m > t/(80), the multiset {yypm, -, Ygui1ypm_1}
forms a (¢, a, 3, om, m, s)-net in base b. But for k > 0, m > t/(fo), {wkbm7 o ,m(k+1)bm_1}
forms a (¢, o, 3, 0m, m, sd)-net in base b, hence, by Proposition 3.1, {yym, - - -, Yp1ypm—1}
forms a (¢, a, 3,0m, m, s)-net in base b. O

4.2 A base reduction for (¢, «, 3,0, s)-sequences

We show that a (¥, «, 3,0, s)-sequence in base b’ can be considered as a (t,a, 3,0, s)-
sequence in base b with some quality parameter t. The following theorem generalises [17,
Proposition 4].

Theorem 4.2 Leto,s,a, L' € N, let 0 < 3 <1 be a real number and t' > 0 be an integer.
A (Y, a, B,0,s)-sequence in base b* is a (t,a, 3,0, s)-sequence in base b with

t=({"+e)L+ (sa — 1+ fBo)(L—1),
where e = 0 if Bo is an integer and e = 1 otherwise.

Proof. Let {xy,xy,...} bea (t,«, 3, 0,s)-sequence in base b", t as above and fix m > ﬁ—ta
and write it in the form m = pL +r with integers p and r such that 0 < r < L. Note that
p > ﬁt—; For a fixed integer k > 0, we consider the multiset P = {&ppm, ..., Z@p1ypm_1}-
Then P can be split up into b" multisets {Typr, ..., Tgr1per_1} where kb" < I < (k +
1o, Asp > ﬁt—;, each of these subsequences forms a (¢, «, 3,0p, p, s)-net in base b,
which by Theorem 3.8 is a ((t' +e)L + (s — 1)(L — 1), 0, 5, 0pL, pL, s)-net in base b. A
(' +e)L + (s — 1)(L — 1), v, B,0pL, pL, s)-net in base b is also a ((t' + e)L + (sa —
1+ Bo)(L — 1),a,3,0m,pL, s)-net in base b, as the strength of the latter is smaller
than the strength of the former. An application of Propagation Rule (6) shows that P
isa (' +e)L+ (sa — 1+ Bo)(L —1),a,3,0m,pL + r,s)-net in base b, and hence a
(t,, B,0m,m, s)-net in base b. a
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4.3 A base expansion for (t,«, 3,0, s)-sequences

Here we consider a base change in the opposite direction: We show that a (¢, «, 3,0, s)-
sequence in base b can be interpreted as a (¢, &/, 3, 0, s)-sequence in base bY . The follow-
ing theorem generalises Theorem 3.9 from Subsection 3.6 to (¢, «, 3, 0, s)-sequences (see
also [17, Proposition 5]).

Theorem 4.3 Leto,s,a, L’ € N, let 0 < § < 1 be a real number and u > 0 be an integer.

Then a (u,aL’, 3,0, s)-sequence in base b is a (t, «, %, 0, 5)-sequence in base bY, with

Proof.  Denote the (u,aL’, 3,0, s)-sequence in base b by {xg,x1,. ..}, which is of course

also a (tL” + %, al’, 3,0, s)-sequence in base b. By Definition 1.2 for all integers

k >0 and m > 1 the finite subsequence

{wkme’a cee 7w(k+1)me'—1} (21>

forms a (min(¢L" + M, BomlL'),al’, 3,omL /mL’ s)-net in base b. We consider two

2
cases:

1. Assume first that m is such that ¢tL/? 4 % < BomlL', then by Theorem 3.9, the

multiset given by Equation (21) forms a (¢, «, %, om,m, s)-net in base b*'. Further-
more, tL/? + &

1)L/ . .
T) < BomL’ implies that ¢t < Lgamj.

2. Now assume BomlL' < tL”? + % According to Remark 1.2, the multiset given
by Equation (21) forms a (L%amj,a, %,am,m, s)-net in base bY'. Furthermore,

[ 725V ZAPR
BomL < tL™*+ % implies that | Zom] < ¢.

Hence the multiset given in Equation (21) is a (min(t, L%omj), a, %, om,m, s)—net in
base bY". We conclude that for all 7 such that %am > t we obtain a (¢,

in base b”" and therefore a (¢, a

, %, om,m, s)-net

. /
, %, o, s)-sequence in base b O]

We also consider a special case based on Theorem 3.10.

Theorem 4.4 Let o,s,a, L' € N, L' > «a, let 0 < 3 < 1 be a real number and t > 0 be
an integerl. Then a (tal’ + @, a, 3,0, s)-sequence in base b is a (t, a, g, 0, s)-sequence
in base b"'.

Proof. 'We denote the (taL’+ @, a, 3, 0, s)-sequence in base b by {xg, @1, ... }. Then

by Definition 1.2 for all integers k£ > 0 and m > 1 the finite subsequence

{mkme’a S >33(k+1)me’—1} (22)

forms a (min(tal’ + w,ﬁamL’),a,ﬁ,omL/,mL’, s)-net in base b. We consider two

2
cases:

1. Assume that tal’ + @ < BomlL'. Then by Theorem 3.10 the multiset given in

Equation (22) is a (t,a, 2, 0m,m, s)-net in base b"". Furthermore, taL’ + —(“_21)‘1 <

o)

BomL' implies that ¢t < Lgamj.
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2. Assume that fomlL' < tal’ + @ According to Remark 1.2, the multiset given
8

in Equation (22) forms a (Lgomj,a, Z,om,m, s)-net in base bY. Furthermore,
BomL' < tal’ + w implies that Lgamj <t
B

bY. We conclude that for all m such that gom > t we obtain a (t, a, g, om,m, s)-net in

Hence the multiset given in Equation (22) is a (min(, Lgamj), a, 2 om,m, s)-net in base

base b* and therefore a (t, o, g, 0, 5)-sequence in base b”'. O

4.4 An explicit bound for t;(«, s) for prime powers b

In this subsection the least value ¢ such that there exists a (¢, «, 3, 0, s)-sequence in base
b is studied.

Definition 4.1 For integers b > 2, s > 1, a > 1, let t,(«v, s) denote the least value ¢ such
that there exists a (¢, a, 3, 0, s)-sequence in base b with a = fo.

Remark 4.2 In [8, Definition 6] the analogous quantity for the digital case has been
introduced: Let b be a prime power, then dy(«, s) denotes the smallest value of ¢ such
that there exists a digital (¢, «, 3, 0, s)-sequence over the finite field F, with o = fo.

In this case it is known (see [8, Theorem 7]) that for all s > 1 and a > 2 we have

ala—1) 5 C
- 7 _ <d , < N
S 5 o ., 8) < sa logq+a+a{
where ¢ > 0 is an absolute constant. Note that these bounds also apply to (nondigital)
(t,a, B3, 0, s)-sequences where o = (0.

The following corollary follows from Theorem 4.2 and Theorem 4.3. Setting a = =
o = 1 and making use of Theorem 4.2 and Theorem 4.4, we could even recover [17,
Corollary 4].

Corollary 4.2 For all integers b > 2, s > 1, a > 1, a = fo, we have

ty(ar, 5) — (s = 1 4 Bo)(L — 1) ty(aL,s) — (L—TI)L“ |

L

< tye(a,s) < { I3

The next theorem provides an explicit bound for ¢,(c, s) for prime powers b. Setting
a = 3 = o =1, this result recovers [17, Proposition 6].

Theorem 4.5 For every prime power b, we have

2bsa’ ba’/?s1/? s(a—1)
ty(a, s) < — _2(b2— E + 2« {TJ +sa—1+a.

Proof. We use Theorem 4.2 with L = 2 to obtain

ty(a,s) < 2t2(a, s) + (sa — 1 + ).
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By Corollary 4.1, where we set d = «,

ty2 (v, 8) < atye(1, sa) + « {

where t2(1, sa) corresponds to the least value t such that there exists a (¢, sa)-sequence
in base b*>. From [17, Theorem 5] we obtain

bsa b(sa)'/?

fels0) S 57 ~ oy
and the result follows. ([l
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